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Abstract

Two X-ray projection images of a rigid object may have different points of view,
yet redundant information can be identified in such images. Not unlike a checksum,
these occur naturally in the data and are known as consistency conditions. Real
acquisitions, however, result from a measurement process which is affected by in-
accurate geometric calibration of the scanner, physical effects such as scatter and
beam-hardening or in some applications patient motion. These effects can be ob-
served as differences between theoretically redundant information in the data and, to
some extent, can be corrected.

Consistency conditions have been known for decades, yet only few practical ap-
plications have been demonstrated. State-of-the-art often assumes 2D parallel or
fan-beam geometries in a perfect circle around the object. Extension of these find-
ings to flat-panel detector geometry are not straight-forward. Meanwhile, however,
practical applicability in flat-detector computed tomography has been demonstrated
for a set of pairwise conditions known as epipolar consistency (EC). Their advantage
is that they can be applied, in principle, to any two 2D projection images.

This thesis first gives a brief introduction to data consistency conditions in two
and three dimensions, providing a context for the main part of this work. The
reader is then introduced to projective geometry of real two- and three-space and the
geometry of X-ray imaging. This provides the mathematical tools for a derivation of
the novel epipolar consistency conditions and demonstrates the connection to well-
understood computer vision tasks. Three flavors of a metric to measure epipolar
inconsistency in two images are suggested and a framework for motion compensation
is introduced. Finally, the metric is used for motion correction in three applications
of FDCT imaging. First, an unknown object under fluoroscopy is tracked relative to
a small set of reference views. Second, respiratory and cardiac motion in rotational
angiography is estimated. And third, the alignment of two computed tomography
acquisitions is estimated from their raw data.



Kurzfassung

Zwei Röntgenbilder von einem starren Objekt zeigen zwar unterschiedliche Ansichten,
dennoch kann redundante Information in solchen Projektionen identifiziert werden.
Man spricht dabei von Konsistenzbedingungen. Diese sind wie eine Prüfziffer au-
tomatisch in den Daten enthalten. Echte Aufnahmen gehen allerdings aus einem
Messprozess hervor, der ungenaue geometrische Scannerkalibrierung, physikalische
Effekte, wie Strahlaufhärtung oder Streustrahlung, oder in manchen Anwendung Pa-
tientenbewegung mit sich bringt. Diese Effekte können als Abweichungen von theo-
retisch redundanter Information beobachtet und zu einem gewissen Grad korrigiert
werden.

Konsistenzbedingungen sind schon seit Jahrzehnten bekannt, doch gibt es nur
wenige praktische Anwendungen. Im Stand der Technik wird oft von 2D parallel oder
Kegelstrahlgeometrie entlang eines perfekten Kreises ausgegangen. Die Erweiterung
solcher Erkenntnisse auf Flachdetektorgeometrie ist jedoch nicht direkt übertragbar.
Inzwischen wurde jedoch die praktische Anwendbarkeit auf Flachdetektor Computed
Tomography von einer Menge von paarweisen Bedingungen gezeigt, die als epipolare
Konsistenz bekannt geworden sind. Ihr Vorteil liegt darin, dass sie prinzipiell auf
zwei beliebige Bilder angewendet werden können.

Diese Arbeit gibt einen Einblick in Konsistenzbedingungen in zwei und drei Di-
mensionen, um den Kontext für den Hauptteil der Arbeit zu geben. Der Leser
wird in die projektive Geometrie des reellen zwei- und dreidimensionalen Raumes
eingeführt und damit in die Geometrie der Flachdetektor-Röntgenbildgebung. Dies
stellt das mathematische Rüstzeug zur Verfügung, um die neuen epipolaren Konsis-
tenzbedingungen herzuleiten und den Zusammenhang zu wohlbekannten Arbeiten
dem maschinellen Sehen zu zeigen. Es werden drei Varianten vorgeschlagen, um
die epipolare Inkonsistenz zweier Bilder zu beziffern und ein Framework für die Be-
wegungskompensation wird eingeführt. Abschließend wird diese Metrik zur Bewe-
gungskorrektur in drei Anwendungen Flachdetektortomographie benutzt. Erstens
wird die Position eines unbekannten Objekts relativ zu einer kleinen Menge von
Referenzbildern bestimmt. Zweitens wird die Atmungs- und Herzbewungung in der
Rotationsangiographie geschätzt. Drittens wird die geometrische Ausrichtung von
zwei Computed Tomography Aufnahmen direkt mit deren Rohdaten geschätzt.
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C H A P T E R 1

Introduction

1.1 X-Ray Imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Artifact Reduction in Computed Tomography . . . . . . . . . . . . . . . . . . . . 2
1.3 Redundancy in X-ray Projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5 Organization of this Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

C omputed tomography (CT) reconstructs a three-dimensional (3D) object from
its two-dimensional (2D) projection images. Projection images can be from ei-

ther a transmission-only (e.g. X-ray) or emission-only modalities (e.g., single-photon
emission CT in nuclear medicine). This section begins by introducing CT reconstruc-
tion and discussing how the reconstruction process is prone to various artifacts in the
reconstructed images. The concept of data redundancy of multiple projection images
of the same object is introduced which leads to mathematical consistency conditions.
The main topic of this thesis is then presented as the estimation of motion using
a certain type of consistency conditions. The author’s contribution to this field of
research is briefly listed, and finally, the contents of each chapter of this thesis are
briefly summarized.

1.1 X-Ray Imaging

The discovery of X-rays in 1895 by W. C. Röntgen was equally important for physics
and medicine, as the new radiation allowed for a glimpse inside a living organism. It
was found that X-rays similarly behave in visually opaque materials to visible light
in a semi-transparent solution. An X-ray projection is a transmission image, which
means that rays traverse the object as they are attenuated depending on the material
of the object. The object is modeled as a function f which assigns an absorption
coefficient to each point in space. Each X-ray can be understood as accumulating
absorption irrespective of the location along the ray (i.e., the depth). X-rays are
emitted in the so-called focal spot. In this thesis, we assume a point-shaped X-ray
source i.e., the focal spot is of negligible size compared to the distance from the object.
Images are produced on a detector located on the opposite side of the object being
imaged. We consider the case where the detector is a flat-panel detector (FDCT)
which is planar.

1



2 Introduction

The source-detector geometry follows the same geometry as a pinhole camera.
The focal spot of the X-ray source typically has a negligible size and its can be
assumed that all rays intersect in a single point. This point takes the role of the
pinhole, i.e. center of projection and corresponds to the camera center of a usual
photo camera. The image is recorded on the X-ray detector, which is a flat rectangle
in case of FDCT. It takes the role of the image plane.

With the aforementioned assumptions, the geometry is exactly the same as for
usual visual light cameras. However, visual light cameras can reconstruct points on
the surface of opaque objects seen from two views, while X-ray imaging, in general,
cannot. Objects appear translucent, and each pixel shows an overlay of intensities
from many parts of the object. In the case of X-ray imaging, the object f can still
be reconstructed under certain conditions [Tuy 83, Metz 02], from a large number
of projections of a moving X-ray source. In 1973, the radiation was first used for
tomographic reconstruction [Houn 73] which has since developed into the enabling
technology for a wide range of transmission-based 3D imaging modalities. Tomog-
raphy refers to the process of imaging slices through an object. Reconstruction is
the inverse problem to the projection caused by X-ray or Radon transforms, respec-
tively. The first X-ray (CT) scanners built in the 1970ies used parallel geometries
[Corm 63, Houn 73] which would record parallel projections of a plane through a ro-
tating object, i.e. the 2D Radon transform and solve the problem using algebraic
methods. In order to speed-up acquisition, the systems soon moved to fan-beam and
finally cone-beam geometries. The latter exists for both planar and curved detectors
which are, however, easily transformed into one another. A treatise of the history
and physics of X-ray tomography can be found in a book by T. Buzug [Buzu 08].

Flat-panel detectors are common in C-arm fluoroscopy and angiography systems,
onboard imaging systems in radiation therapy, mobile C-arms, tomosynthesis, and
many other imaging systems. A visualization of the geometry of one such system is
shown in Figure 1.1. Most spiral CT scanners which allow for fast 360° rotation use
curved detectors instead. Mathematically, this can be mapped to the planar case by a
change of variables. While reconstruction is not the primary focus of this work, most
essential related work is rooted in analytic reconstruction literature, where consis-
tency conditions have been known early on [Ludw 66]. The most common cone-beam
reconstruction algorithm today, by Feldkamp, Davis and Kress (FDK) [Feld 84], is a
member of the “filtered backprojection” family of analytic reconstruction algorithms
for circular trajectories. Its main advantage lies in its simplicity and computational
efficiency, although more computationally complex and flexible iterative approaches
are starting to catch on [De M 09].

1.2 Artifact Reduction in Computed Tomography
In the context of X-ray imaging, reconstruction algorithms usually assume a perfect
Lambertian absorption along straight rays (explained later in Equation 2.1). Real
scans violate this assumption for various reasons, for example by ignoring physical
effects which change the direction of electromagnetic radiation (e.g. scattering) or
by ignoring changes in the spectrum of an X-ray beam (e.g. beam-hardening of non-
monochromatic radiation) [Maie 18]. In addition, the scanner or turntable motion
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Figure 1.1: Left: A typical clinical C-arm CT scanner for interventional use. Image
adapted from Maier et al. [Maie 18]. Right: Visualization of a CT trajectory. This
trajectory represents a 20 second short-scan of a Siemens Artis Zeego clinical C-
arm scanner. The red dotted line is the source trajectory, the green arc represents
the trajectory of the center of the detector. One particular source and detector are
highlighted as a red pyramid enclosing the volume which is projected to the image.
In this thesis, we use u and v axes for the 2D detector coordinate system, while X,Y
and Z represent the 3D world coordinate system. The green box represents the table
on which a patient might lie.

must be calibrated [Stro 03, Aich 18a], which is not always accurate and sometimes
invalidated by irreproducible motion. The detector of a table-top CT system may
be misaligned with respect to a turntable [Leeu 18, Wick 12, Von 04], while a C-arm
may be subject to irreprducible wobble due to acceleration and inertia. Especially
robotic C-arm systems become more and more flexible [Maie 11] but their odometry
may not be accurate enough to allow for CT reconstruction by themselves [Thur 15].
In medical applications, a breathing patient [Breh 12] or the beating heart [Laur 06]
introduce additional non-rigid motion between individual images. Data may be miss-
ing due to a limited field-of-view and truncation (i.e. the object is not fully visible
on the detector) [Ohne 00, Kold 10, Xia 15] or photon starvation (i.e. the density
of materials cannot be measured because all radiation is absorbed) [Chan 17] and
over-exposure [Raus 16] and angular under sampling may present a problem for fast
scanning protocols [Manh 13]. All of these effects lead to artifacts which degrade the
quality of reconstructed images.

It is desirable to estimate motion from the patient or inaccuracies of scanner mo-
tion, as well as estimate the beam-hardening or scatter effects and missing parts of
objects etc. directly from acquired data. In tomography, such methods typically aim
at improving the image quality of reconstructed methods and are known as artifact re-
duction. Most artifact reduction methods in FDCT rely either on heuristics [Ohne 00],
prior information [Kold 10], additional sensors [Laur 06, Raus 16], or iterative proce-
dures [Chen 08, Pane 08, Prum 09, Breh 12, Manh 13, Mull 14, Chan 17], to name a
few examples. This work, in contrast, uses redundant information [Debb 13, Lang 13]
on the projections for artifact reduction, especially motion estimation.
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1.3 Redundancy in X-ray Projections

Two or more X-ray projections of the same object are not independent. Redundancies
between multiple projections from different directions can be expressed as a set of
mathematical conditions. These redundancies have to be taken into account in many
reconstruction algorithms, for example [Clac 94], so as to weight the data correctly.
Nevertheless, the redundant information can also be used to verify the acquisition
process. Not unlike a naturally occurring checksum, data consistency conditions
(DCCs) allow for the observation of inaccuracies in the raw data and to correct
certain systematic effects. Especially in earlier work, DCCs are also called range
conditions of the projection operator. In this context, the projection operator is
understood as the function mapping from a representation of the object to the entire
projection data of an acquisition, i.e. not just a single image. Imagine an acquisition
of an object continuously rotating in a circle. Naturally, its projection on the detector
has to follow a continuous curve as well (in fact, a sinosoid) and it cannot arbitrarily
jump from one location to another between individual time points.

DCCs have been applied successfully in the context of positron emission tomog-
raphy (PET), a nuclear imaging modality [Defr 12] and much earlier work can be
found in this context. Most work about DCCs such as Helgasson-Ludwig consistency
conditions (HLCC) [Ludw 66], discussed later in Section 2.3.1, have limitations for
practical applicability because they make strong assumptions, specifically on the pro-
jection geometry. In Figure 1.2 are two of the most common 2D projection geometries
for a perfect circular scan which can also be found in much of the theoretical work
on DCCs. However, not all methods formulated under one set of assumptions can
be adapted to suit another set. This is especially true for FDCT, where the geom-
etry is a 3D cone-beam and the trajectory is usually only approximately an arc of
a circle. For example, methods exist for motion compensation [Yu 07] but assume
a fan-beam geometry. If they were applied to a cone-beam scan, only a small frac-
tion of data would actually be considered. The classical HLCC and their connection
to Fourier properties of the Radon transform have been used for data extrapolation
[Xia 17, Preu 15] but their extension to 3D is ad hoc. Only few works apply to cone-
beam geometries directly [Clac 13b, Clac 16, Patc 02, Levi 10] and are only starting
to become applicable to real FDCT data. A heuristic extension of the Fourier con-
sistency conditions to 3D has been investigated for motion correction for knee-data
[Berg 17]. Patch et al. have used John’s equation to synthesize projections [Patc 02].
This thesis addresses, specifically, a relatively simple pairwise consistency condition
which has the strong advantage of being quite generally applicable [Debb 13]. It
is based on redundancies observed in a type of analytic reconstruction algorithm
[Clac 94] which measures certain quantities on 3D planes directly via line integrals
in the projection images. Debbeler et al. [Debb 13] use this property on what we
now understand to be epipolar lines for calibration correction in FDCT. In the last
few years, a similar method collectively referred to as epipolar consistency (EC) has
been shown to be applicable quite generally to any two X-ray images and effectively
reduce reconstruction artifacts in several calibration correction scenarios in turntable
CT [Leeu 18, Lesa 17b] and has been applied to other applications in FDCT as well.
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Figure 1.2: Visualization of parallel (left) and fab-beam (right) geometries (repro-
duced from Maier at al. [Maie 18]).

This thesis develops epipolar consistency and investigates several novel applications
in motion correction.

1.4 Contributions
The following section briefly names the contributions made by the author of this thesis
to the state-of-the-art. The most relevant publications which form the basis for this
thesis are highlighted in blue. The focus of the thesis is epipolar consistency. After
an initial publication by Debbeler et al. [Debb 13] of a pairwise consistency condition
based on Radon intermediate functions [Clac 94], we established the connection to
the well-understood epipolar geometry used in computer vision for stereo-vision.

[Aich 14] A. Aichert, N. Maass, Y. Deuerling-Zheng, M. Berger, M. Manhart,
J. Hornegger, A. Maier, and A. Doerfler. “Redundancies in X-ray images due to
the epipolar geometry for transmission imaging”. In: 4th International Conference on
Image Formation in X-Ray Computed Tomography, pp. 333–336, 2014

The work was extended by a derivation of epipolar consistency from Grangeat’s
theorem and epipolar geometry. The work directly implicates which parameters can
- and cannot - be estimated in a stable manner. By considering pairs of projections
independently, the method becomes easier to understand and implement.

[Aich 15a] A. Aichert, M. Berger, J. Wang, N. Maass, A. Doerfler, J. Hornegger, and
A. K. Maier. “Epipolar consistency in transmission imaging”. IEEE Transaction on
Medical Imaging, Vol. 34, No. 11, pp. 2205–2219, 2015

This allowed us to build an efficient GPU implementation. Most of the geometry
can be reduced to just two small matrix multiplications and evaluation of inconsis-
tency becomes mostly a sampling process. The implementation enables application
to large data sets and also swift evaluation for few views. The C++/CUDA source
code has been made publicly available (GitHub: https://github.com/aaichert)

https://github.com/aaichert
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for other research groups to reproduce experiments and quickly adapt the methods
to their applications and data.

[Aich 16] A. Aichert, K. Breininger, T. Köhler, and A. K. Maier. “Efficient Epipo-
lar Consistency”. In: 4th International Conference on Image Formation in X-Ray
Computed Tomography, pp. 383–386, 2016

We later established the connection between epipolar geometry and an existing
order-0 consistency condition [Levi 10] and the derivation of epipolar consistency di-
rectly from John’s Equation, which is explained in Section 2.4.1. Combined with
work by Lesaint et al. [Lesa 16] we can differentiate between three flavors of epipolar
consistency: first, a weighted integral over epipolar lines, second, a derivative orthog-
onal to integrals over epipolar lines, and third, the same condition with the derivative
replaced by a ramp filter.

[Aich 18b] A. Aichert, J. Lesaint, T. Würfl, R. Clackdoyle, L. Desbat, and A. K. Maier.
“Stereo Rectification for X-ray Data Consistency Conditions”. In: 5th International
Conference on Image Formation in X-Ray Computed Tomography, pp. 198–201, 2018

The reason for our interest in epipolar consistency, specifically, its general applica-
bility. Since epipolar geometry applies to any two X-ray images, epipolar consistency
can, in principle, be used in any trajectory. We went so far as to say that the con-
sistency conditions can also be used in scenarios not directly related to computed
tomography. A new application of consistency conditions to tracking unknown ob-
jects in fluoroscopic image sequences was presented. Notably, the 3D pose of an object
can be determined from just a few reference projections, although the object itself is
not known, and there is not enough data to reconstruct it. The major weakness of
the method is that inconsistencies from truncation and motion cannot be separated.

[Aich 15b] A. Aichert, J. Wang, R. Schaffert, A. Dörfler, and J. Hornegger. “Epipolar
Consistency in Fluoroscopy for Image-Based Tracking.”. In: British Machine Vision
Conference (BMVC), 2015

This thesis contains a contribution in Section 5.3 not otherwise published, where
EC is used for the first time to register two FDCT scans based on the raw data
domain. In addition, the author made considerable contributions to the following
research on motion compensation in rotational angiography, much of which is based
on epipolar consistency. We introduce virtual digital subtraction angiography (vDSA)
as a means to address inconsistencies arising from truncation enabling heart motion
estimation using consistency conditions. We suggest methods for automatic gating
and motion estimation and evaluate the methods based on phantom and real data.
In this context, we also compared performance of epipolar consistency and Fourier
consistency and investigated graph-based optimization strategies [Fels 17] to better
handle recurring motion patterns (such as the beating heart). We also attempted to
use consistency as additional information to improve vessel segmentation [Unbe 16b].
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[Unbe 16c] M. Unberath, A. Aichert, S. Achenbach, and A. K. Maier. “Virtual Single-
frame Subtraction Imaging”. In: 4th International Conference on Image Formation
in X-Ray Computed Tomography, pp. 89–92, 2016

[Unbe 17a] M. Unberath, A. Aichert, S. Achenbach, and A. K. Maier. “Consistency-
based respiratory motion estimation in rotational angiography”. Medical Physics,
Vol. 44, No. 9, 2017

[Unbe 17b] M. Unberath, M. Berger, A. Aichert, and A. K. Maier. “Fourier
Consistency-Based Motion Estimation in Rotational Angiography”. In: Bildverar-
beitung für die Medizin 2017, pp. 110–115, Springer, 2017

Contributions were made to a lesser extent to research on artifact correction al-
gorithms related to various consistency conditions and modalities, including motion
correction in fan- and cone-beam geometries using Fourier properties of the sinogram
[Berg 17], applications of motion and calibration correction using epipolar consis-
tency conditions [Maas 14, Bier 17, Grul 15]. Epipolar consistency has meanwhile
been used for beam-hardening and scatter correction algorithms [Wurf 18, Hoff 18].
Minor contributions were made to volume-of-interest imaging using consistency con-
ditions [Xia 17].

The author has also contributed to medical imaging in a wider context, not di-
rectly related to this thesis. A geometric calibration algorithm for FDCT systems was
patented and published [Aich 18a] and a joint calibration and motion correction algo-
rithm was suggested [Sybe 17]. In medical augmented reality, the author investigated
tracking algorithms [Aich 12a], visualization [Kutt 08, Wiec 10] and user perception
[Blum 10, Wiec 11, Aich 12b].

1.5 Organization of this Thesis
Chapter 2 provides an introduction to data consistency conditions in parallel 2D and
cone-beam geometry. After mathematical introduction of the projection operators
in Section 2.1, a discrete representation as a system matrix will be given in Section
2.2. Consistency conditions appear as the image and null-space of this matrix and
the example nicely explains how inconsistent information in projections is such that
cannot be generated by projection of any object. A few examples of DCCs in con-
tinuous Radon and X-ray transform are then given in Sections 2.3.1 with the HLCC,
Section 2.3.2 with the Fourier properties of the Radon transform and Section 2.4.1
with John’s equation. Section 2.4.2 then derives a simple pairwise condition from
John’s equation, which is the first type of epipolar consistency. The condition will
be extended and applied from Chapter 4 onwards.

Chapter 3 investigates the geometry of two central projections to a planar detector
in terms of real projective geometry. The concept of homogeneous coordinates will
be introduced for two and three dimensions and be applied to the geometry of point
and lines in two-space, as well as points and planes in three-space in Sections 3.1.
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Special care will be taken to elegantly express lines in space, since these are not only
the basic element of the imaging process of pinhole cameras in Section 3.2 but are
also essential for understanding the details of epipolar geometry in Section 3.3. This
provides the geometric tools used in the algorithms of the following chapters.

Chapter 4 introduces epipolar consistency and derives a quality metric from it. In
Section 4.1 projective geometry will be used to generalize the consistency condition
already discussed in Section 2.4.2 to almost any pair of projection images. Two other
kinds of epipolar consistency based on the Radon transform of cone-beam projec-
tion images are presented and simplified for efficient implementation in Section 4.2.
Section 4.3 presents an efficient implementation of the metrics and Section 4.4 com-
pares them on two exemplary real projections of a pumpkin. Finally, Chapter 5 will
present applications of a metric based on epipolar consistency for motion estimation
in fluoroscopy in Section 5.1, angiography in Section 5.2, as well as registration of
computed tomography scans in Section 5.3. Chapter 6 presents a summary and an
outlook of the whole thesis and concludes by motivating future research.
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Data Consistency Conditions
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T he theoretical model of geometry and physics in CT impose constraints
on these projection images. It is known that data consistency conditions (DCCs)

also known as range conditions, describe mathematical redundancies in the projection
data. These redundancies go back to the fact that each projection image is composed
of line integrals passing through the same object, merely from different directions.
The tomographic problem is well-understood and DCCs have been investigated, es-
pecially for parallel-beam geometries for more than 25 years [Clac 13b]. It has been
shown that data consistency conditions can be used to correct for inaccuracies in the
acquisition process. This section provides an introduction to 2D and 3D X-ray projec-
tion and its data redundancies. We begin by introducing the continuous and discrete
representations of the X-ray projection operator. Data consistency conditions exist,
because such operators have a limited range and two or more X-ray projections of the
same bounded object are not entirely independent. We take a brief detour and repre-
sent tomographic projection and reconstruction discretely as a system matrix and its
inverse. In this context the space of all possible tomographic projections is spanned
by the image of said matrix, and projections in its null-space are inconsistent since
no object exists that could produce them. Finally, we present established continuous
formulations of data consistency for the case of 2D parallel projections and we derive
a practical 3D cone-beam consistency condition for an X-ray source moving on a line.

2.1 Transmission Imaging

2.1.1 Notation
Throughout this work, we will write scalar values as lowercase Latin characters
a, b, c . . . . These usually measure length, position or distance and exist in the real
numbers R or a subset thereof. A special case are angles, which are denoted in Greek
lowercase letters α, β, γ . . . . Real vectors of two, three and more dimensions are
denoted as bold italic lowercase letters a, b, c . . . . We indicate unit vectors with an

9



10 Data Consistency Conditions

additional˚decorator, such as å, b̊, c̊ . . . . Orthogonal vectors are indicated by a ⊥

decorator.
In this thesis, we sometimes consider the same physical object in three, two and

even one dimension. In order to differentiate between two- and three-dimensional
coordinate systems, we will refer to 2D coordinates of points by the u- and v-axes,
while we refer to 3D coordinates by x-, y- and z-axes. Coordinates on a line or
ray are denoted r, s or t, e.g. position along a ray, a linear detector variable or a
linear translation. We try to follow a convention, by which the real coordinates of
vectors use the same character (not set in bold) with an subset index indicating
the component a0, a1, a2 . . . . These are always explicitly introduced and in some
situations we resort to capital Latin characters, when there is a potential conflict with
two- and three-dimensional objects. In those cases, the capital letters are components
of the higher-dimensional vector. Matrices are written in bold capital Latin characters
A,B,C . . . . The decorators ⊤ and + denote vector and matrix transposition and the
pseudo-inverse.

Finally, functional operators are written in calligraphic capital characters with
explicit braces around the function they operate, notably the Fourier, Radon and X–
ray transforms (F), (R), (X ). A function after Fourier transform is decorated with a
hat and spectral variables are denotes in corresponding Greek letters. More notation
and conventions will be introduced in the following sections. There is a complete
nomenclature lists on page 101 after the conclusion.

The following introduction into tomographic projection and consistency uses sev-
eral different geometries. Again, we introduce some specific notation to differentiate
between these. A summary of symbols used in this chapter is given in Table 2.1.
In all situations, we will model the object as a function mapping from space (in the
geometric sense) to an attenuation value. In the simplest case, we consider the values
along a single ray fray(r), and based on the distance of protons traveled along that
ray r ∈ R+. We go on to consider a plane through the object which is written with a
function taking two arguments f 2D(u, v). A special instance of this case is f •(u, v),
which represents a single point in the plane. Its projection p•(α, s) will prove valu-
able in theoretical considerations. Most of the thesis, however, addresses objects in
the 3D world, for which we simply write f(x, y, z).

2.1.2 The X-ray Transform
A simplistic model for X-ray absorption states that an initial intensity of radiation
Itube is absorbed along the ray path through an object of varying attenuation fray(r)
by an exponential fall-off with the distance traveled r along the ray, the so-called
Lambert(-Beer) law

I = Itube · exp
(
−
∫ ∞

0

fray(r) dr
)
. (2.1)

In practice, we will model this imaging process as a projection of a three-dimensional
object function f : R3 7→ R which is twice continuously differentiable f ∈ C2(R3).
A point-shaped X-ray source in position c projects the objects along straight rays to
a planar detector at 3D location of a pixel x. The Beer-Lambert law then holds for



2.1 Transmission Imaging 11

Table 2.1: Summary of notation used in this chapter.
Decorators

vector decor.˚ A unit vector in S1, e.g. å = (cos(α), sin(α))⊤.

vector decor. ⊥ An orthogonal, e.g. å⊥ = (−sin(α), +cos(α))⊤.

function decor. ˆ The (partial) Fourier transform.

Operators

(X f) The X-ray transform.

(Rf 2D), (Rf) The Radon transform of a 2D resp. 3D object function.

(F) Fourier transform e.g. f̂ = (Ff)

Other

p̂(α, σ) 1D Fourier transform of (Rf 2D)(α, s) in only the second variable.

f •(u, v) Point-shaped 2D object function.

p•(α, s) Projection of point-shaped object at angle α and detector var. s.

g̃(c,x) The normalized X-ray transform.

ĝ(c, ξ) 1D Fourier transform of g̃(c,x) in only the second variable.

any ray through space, represented by a source position and point on the detector.
Mathematically, we model the John or X-ray transform

(X f)(c,x) def
=

∫ 1

0

f(c(1− t) + t · x) dt. (2.2)

A pixel measurement on a real X-ray detector, however, is not dependent on the
distance of the pixel to the source. Let r = x− c denote the vector pointing from c
to x. We assume that f is zero everywhere except between our choices of c and x.
The X-ray attenuation recorded in a pixel is actually the normalized X-ray transform

−ln
(

I

Itube

)
(2.1,2.2)
=

∫ 1

0

f

(
c+ r · r

‖r‖

)
dr

= ‖x− c‖ (X f)(c,x), (2.3)

where r ‖r‖−1 is the unit vector pointing in direction of the ray. In the following
section, we will therefore consider the normalized X-ray transform in equation 2.2.

X-ray imaging is not the only imaging modality that abides by this equation
in good approximation. Although this thesis covers X-ray imaging in particular,
the results can be applied to any emission or transmission modality for the same
acquisition geometry. Nuclear imaging [Defr 12, Bruy 02] and some applications in
microscopy [Bran 13] are two other examples. The X-ray transform does not model
all physical effects, most notably scattering. However, this will be addressed only
later in this thesis.
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Figure 2.1: The 2D Radon transform. Left: Integration along parallel lines (light
blue) given an angle α to the u-axis (represented by the curved arrow) for different
distance t (green axis vector) produces the intensity profile on the top. Center:
The Radon transform of the test object for α ∈ [0, 2π[ and t ∈ [−d

2
, +d

2
], where

d is the diameter of the test object. Observe that the projection is symmetric for
α→ α+π and t→ −t. Right: The test object, which can be reconstructed from the
Radon transform. The round bright feature produces a sinusoidal band in the Radon
transform whose amplitude depends on the distance of the center of the feature to
the rotation center.

2.1.3 The Radon Transform
In two dimensions, projection can be understood as a linear reduction of a planar
object from different directions. Projection assumes the form of an integral operator,
just like the X-ray transform in Equation 2.2. In two dimensions, the operator is
more commonly referred to as the 2D Radon transform [Rado 17]. Let f 2D : R2 7→ R
denote a two-dimensional object function, α be the angle of a line to the horizontal
axis and t denote its signed distance to the origin, cf. Figure 2.1. Further let å =
(cos(α), sin(α))⊤ ∈ S1 denote the line normal on the 2D unit circle S1 and å⊥ =
(−sin(α), +cos(α))⊤ its orthogonal. For brevity of notation, we use the symbol

∫
without explicit limits to denote an integral over the whole domain, i.e. −∞ to +∞
for R rather than the antiderivative. The 2D Radon transform can be expressed in
terms of line coordinates or with the dirac-impulse δ (·) as denoted by the integral
operator (R) in several similar ways [Zeng 10]

(Rf 2D)(α, s) =

∫∫
f 2D(u, v)δ ((u, v) · å− s) dudv (2.4)

=

∫
f 2D

(
s · å+ t · å⊥) ds (2.5)

=

∫
f 2D (s · cos(α) + t · sin(α), −s · sin(α) + t · cos(α)) dt. (2.6)

The point s · å is the closest point on the line to the origin and å⊥ points in direction
of the line. The formula describes the parallel projection of a rotating object onto
a linear detector. A 2D Radon transform is frequently referred to as a sinogram,
since a point-shaped object at coordinates (u, v)⊤ projects to a sinusoid curve s(α) =
v ·cos(α)−u·sin(α) in the detector variable s under rotation α. The Radon transform



2.1 Transmission Imaging 13

Figure 2.2: The Radon transform (Rf 2D) for a specific projection angle α (bottom
right) is a projection of the object function f 2D (top left) to a 1D detector with
variable s. The Fourier slice theorem states, that the 1D Fourier transform p̂(α, σ) of
that projection is identical to a central line through the 2D Fourier transform (Ff 2D)
of the object. Figure adapted from Maier et al. [Maie 18].

is symmetric (Rf 2D)(α, s) = (Rf 2D)(α + π,−s). In other words, opposing rays are
identical. The Radon transform generalizes to n-dimensional spaces as the integral
over all n− 1 dimensional subspaces. For example, the 3D Radon transform collects
all integrals over planes through the object. A plane is defined by normal n̊ ∈ S2 in
the 3D unit sphere S2 and signed distance to the origin d. The 3D Radon transform
is then given as

(Rf)(n̊, d) =
∫∫∫

f(x, y, z)δ ((x, y, z) · n̊− d) dx dy dz, (2.7)

or with two mutually orthogonal unit vectors n̊⊥
s , n̊

⊥
t that span the plane, with n̊⊥

s ×
n̊⊥

t = n̊

(Rf)(n̊, d) =
∫∫

f
(
d · n̊+ s · n̊⊥

s + t · n̊⊥
t

)
dsdt. (2.8)

2.1.4 Relationship to the Fourier Transform
The 2D Radon transform is closely related to the Fourier transform (Fx). This
relationship will be important because in Fourier space, the Radon transform has
very specific properties. In addition, the relationship provides an approach to recover
f 2D when only (Rf 2D) is known, i.e. a first reconstruction algorithm. For the
frequency variable ξ ↔ x we have
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(Fxh)(ξ) =

∫
h(x)e−2πiξx dx ↔ h(x) =

∫
(Fxh)(ξ)e

2πiξx dξ, (2.9)

or the Fourier transform in two dimensions for the spectral variables µ, ν ↔ u, v

(Ff 2D)(µ, ν) =

∫
f 2D(u, v)e−2πi(µ·u+ν·v) dudv. (2.10)

The relationship to the Radon transform becomes clear when considering the so-called
generalized projection theorem [Lewi 83, Helg 84]. Let

pw(α) =

∫
(Rf 2D)(α, s) · w(s) ds (2.11)

denote the integral of a projection weighted by a function w(s) over the detector for
a fixed angle α. Recall from Equation 2.4 that the s, t coordinate system is merely
rotated from the u, v coordinate frame by angle α. We have

u = s · cos(α) + t · sin(α), (2.12)

v = −s · sin(α) + t · cos(α), (2.13)

and thus
s = u · sin(α) + v · cos(α). (2.14)

The generalized projection theorem is simply the change of variables

pw(α) =

∫ ∫
f 2D (s · cos(α) + t · sin(α), s · sin(α)− t · cos(α)) dt · w(s) ds (2.15)

=

∫∫
f 2D (u, v) · w(u · sin(α) + v · cos(α)) dudv. (2.16)

By choosing w(s) = e−2πiσs we see that pw(α) becomes the Fourier transform p̂ =
(Fs(Rf 2D)) of a projection with angle α for the spectral detector variable σ ↔ s

p̂(α, σ) =

∫ ∫
f 2D (s · cos(α) + t · sin(α), s · sin(α)− t · cos(α)) dt · e−2πiσs ds.

(2.17)
The change of variables in Equation 2.16 leads to a direction (sin(α), cos(α))⊤ in the
2D Fourier transform of the object (Ff 2D), which contains the 1D Fourier transform
of the projection for angle α

p̂(α, σ) =

∫∫
f 2D (u, v) · e−2πiσ(u·sin(α)+v·cos(α)) dudv (2.18)

= (Ff 2D) (σsin(α), σcos(α)) . (2.19)

This is is also known as the central slice theorem or Fourier slice theorem. A naive
way to recover a 2D object from its 1D projections might be to densely sample Fourier
space and then apply an inverse Fourier transform [Zeng 10, Maie 18]. The concept
is visualized in Figure 2.2.
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Figure 2.3: Left: Visualization of a system matrix A for p = 24 projections of a
32 × 32 pixel object onto a detector line of m = 48 bins. The matrix is sparse: all
non-zero elements are shown in white. Each line describes the contribution of each
of the 32 · 32 = 1024 pixels to a specific bin in the Radon transform. Center: Each
row of the matrix contains 1024 elements, which can be re-arranged into a 32 × 32
grid and visualized as a line in the space of the object. There are a few different
ways to define the contribution mathematically. For example, one may compute the
intersection length of the line with each pixel. Right: Multiplication with A is a
projection to a sinogram (i.e. discrete representation of the Radon transform) and a
multiplication with its transpose A⊤ is a backprojection (shown in the bottom right).
The backprojection is a blurred version of the original object.

2.2 Algebraic Reconstruction and the System Matrix
This section is a brief excursion to algebraic reconstruction algorithms. We describe
an algorithm to solve a 2D reconstruction problem using algebraic methods [Ande 84].
We do this in order to demonstrate that consistency conditions arise directly from
linear algebra in this context. Algebraic reconstruction in practice offers the pos-
sibility to integrate regularizers and optimize for other properties (like smoothness
[Ries 13]), which is an alternative and more common approach compared to using
consistency conditions in many scenarios [Unbe 18, Leeu 18]. Suppose the object f 2D

is represented discretely as a 2D grid of n × n real-valued pixels (we ignore the fact
that the entries of x should be greater or equal to zero). We vectorize the image
by re-arranging the elements into a vector x ∈ Rn2 . Let the k-th projection image
consisting of m bins be represented by the vector bk ∈ Rm, then projection to this
image can be written as a matrix multiplication

bk = Akx, (2.20)

with an m × n2 matrix Ak. Each element aijk in Ak describes the contribution of
a particular pixel xj of the 2D image to the i-th bin of the k-th projection image.
For example, one may use the intersection length of the j-th pixel with the ray lk
with angle αk = π k

p
centered in the i-th projection bin, although better models exist

[De M 09].
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The computed tomography problem for all k = 0 . . . p − 1 projections can be
written as the solution to the optimization problem in a minimal-least-squares sense

x⋆ = argmin
x
‖Ax− b‖2 , (2.21)

where

A =


A0

A1
...

Ap−1

 ∈ Rpm×n2 and b =


b0

b1
...

bp−1

 ∈ Rpm. (2.22)

Each ray only intersects very few pixels so Ak is a sparse matrix and a highly over-
determined system of equations. Multiplication of Ak with a vectorized object x
computes one column in the Radon transform of that object. The sparsity of the
matrix A is visualized in Figure 2.3, left, for a small example n = 32, m = 64 and
p = 48. On the one hand, each row is an n2 vector may itself be visualized as a
2 × 2 grid in the space of the object as contribution weights, cf. Figure 2.3, center.
It represents the relative amount by which each pixel contributes to a specific ray.
Each column of A can be understood as a sinogram of one pixel in the object.

A straightforward solution to the reconstruction problem may be obtained using
the pseudo-inverse

x⋆ = A+b
=

(
A⊤A

)−1 A⊤b. (2.23)

The multiplication with A⊤ is a backprojection into the domain of the object, as
each row of A. Backprojection is not the inverse operation to forward projection,
since it introduces a blurring of the image, cf. Figure 2.4. We have encountered this
property before when discussing the central slice theorem, notably Figure 2.2. As
each projection records information through the zero-frequency, low frequencies are
sampled more densely, putting a lower weight on high frequencies. In that sense,
the term

(
AA⊤)−1 in Eq. 2.23 can be understood as a sharpness filter applied after

backprojection, not unlike filtered back-projection type analytic methods apply a high-
pass filter to the sinogram, e.g. FDK.

The computation of the pseudo-inverse and even the storage of the system matrix
is impractical in most real-world problems. Instead, several iterative algorithms may
be used to solve for x [Gord 70, Ande 84]. In the following, we present a toy problem
for which explicit storage of the system matrix A and solution using standard QR
or singular value decomposition (SVD) matrix decomposition is possible. In order to
gain some insights into the space of possible projections b [Liu 17], suppose we could
actually compute the SVD

A = UΣV⊤, (2.24)
with Σ ∈ Rpm×n2 diagonal, U ∈ Rpm×pm and V ∈ Rn2×n2 both orthogonal. Provided
that the matrix A has full column rank we may compute the pseudo-inverse

A+ = V ·Σ−1 ·U⊤. (2.25)
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Figure 2.4: Algebraic reconstruction of a toy problem. Left: Sinogram for 32 projec-
tions. Right: Reconstruction from that sinogram. In between: Backprojections using
1,2,4 and 32 (all) equally-spaced projections of the sinogram (left). Backprojection
introduces a low-pass filter on the image. The ground truth is not shown, since it is
indistinguishable from the reconstruction result (right).

Figure 2.5: Singular value decomposition of the system matrix. Select columns from
the U matrix (top) and V matrix (bottom). Columns from left to right 1-5, 10, 20
and 30. The sinograms on the top are projections (up to scale) of the objects on the
bottom. The SVD thus provides an orthogonal basis of both object and sinograms.
Note that the U matrix has p ·m columns, which is considerably more than the V-
matrix with only n2 columns. Several sinograms from the null-space (i.e. columns
> n2 are shown in Figure 2.6.

    70     801730 1740 1750 1760 1770 1780 1790... ...

Figure 2.6: Singular value decomposition of the system matrix. Columns n2 + 1
onward of the U matrix are in the null space of backprojection. When reconstructed
or backprojected, these pseudo-sinogams yield an empty image. Therefore b 6= AA+b.
In fact, no object exists, which would produce these projections and they are not
actually sinograms. In addition, their singular values are zero and any rotation
within the null-space can be applied to all of these vectors. The author supposes
that the left pm columns look different from the remaining column is an artifact of
the specific orthogonalization algorithm using in the implementation of the singular
value decomposition.
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By multiplication of A+ with an observed projection b⋆ we can then reconstruct
an object x⋆ which best explains the data w.r.t. the L2-norm

x⋆ = A+b⋆. (2.26)

In Figure 2.4, we present one such reconstruction (right) from a sinogram (left). In
practice, some form of regularization would be applied to reduce noise. The large
singular values are related to low image frequencies [Liu 17], cf. Figure 2.5, so one
possibility is to truncate small singular values in the SVD. In our example, we have
such a coarse discretization of the object that this is not an issue.

Both image and null-space of A and its pseudoinverse A+ are spanned by column
vectors of V and U, respectively. If b is a perfect sinogram, that means an object
x must exist, such that b = Ax holds exactly. However, if b is in fact measured
data, it may be affected by noise and other errors. In such a case, the singular value
decomposition in Equation 2.24 tells us which parts of the measurement will influence
the reconstruction and another part b̃ which does not. Since b̃ cannot be explained
by a sinogram, we can express the measured data as b⋆ = b + b̃ such that

A+b̃ = 0. (2.27)

The last pm− n2 rows of U span the null-space of A⊤, some of which are visualized
in Figure 2.6. While adding a multiple of any vector b̃ in the null-space to given
projection data b changes neither the backprojection nor the reconstruction, it does
introduce a residual in the L2 sense

ϵ = ‖b̃‖ = ‖b⋆ −Ax⋆‖ . (2.28)

We say that the projection data b⋆ is inconsistent and mean that b⋆ is not a valid
sinogram as defined by the system matrix A. The residual ϵ can be seen as a metric
for the amount of inconsistency in an L2 sense. Other metrics of consistency may be
defined and the rest of this thesis addresses ways of measuring inconsistency. Data
consistency conditions in terms of the range of a continuous projection operator, such
as the X-ray or Radon transform from Equation 2.2 and 2.4 work in a similar way.
The following section investigates analytical properties which must be fulfilled by
projection data to be explainable by a reconstructed object function. We will achieve
this without actually computing a reconstruction.

2.3 Consistency Conditions and the Radon Transform

2.3.1 Helgason-Ludwig Consistency Conditions
This section briefly presents one of the most common formulations of DCCs called
Helgason-Ludwig Consistency Conditions (HLCC) [Helg 84, Ludw 66] which are
based on the 2D Radon transform in Equation 2.4. These have been shown to be a
“full set of conditions” in the sense that they are both necessary conditions for sino-
gram and sufficient to describe sinograms. In Section 2.2 it was observed that the
discrete projection operator has a limited range. In other words, perfect projections
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Figure 2.7: Moment curves pm(α) extracted form the Radon transform shown in
Figure 2.1. HLCC state that order 0 is a constant corresponding to the total mass
of the object (top left). Order 1 (top right) is a sinusoid, which can be understood
as the projection of the center of mass. Accordingly, order 2 and 3 are trigonometric
polynomials of degree 2 (bottom left, even) and 3 (top right, odd) in projection angle
θ. Observe the periodicity and symmetry (α, s) ↔ (α + π,±s) for even respectively
odd trigonometric polynomials.



20 Data Consistency Conditions

are over-determined and must therefore fulfill certain constraints. HLCC can be seen
as a continuous representation of the same condition for the 2D circular case.

From this point on, we will use the weighting function qm(s) = sm instead of w(s)
in the generalized projection theorem of Equation 2.16. The function pm(α) is then
called the m-th order moment curve

pm(α) =

∫
(Rf 2D)(α, s)·sm ds =

∫∫
f 2D (u, v)·(u·sin(α)+v·cos(α))m dudv. (2.29)

It is the m-th moment of the Radon transform for projection with a fixed angle α.
We have

pm(α) =

∫
(Rf 2D)(α, s) · qm(s) ds (2.30)

=

∫∫
f 2D (u, v) · (u · sin(α) + v · cos(α))m dudv. (2.31)

The HLCC now state, slightly more generally that

pm(α) =

∫
(Rf 2D)(α, s) · qm(s) ds, m = 0, 1, 2, . . . (2.32)

is a trigonometric polynomial in θ of degree at most m when qm(s) is a polynomial of
degree m in s [Lewi 83]. The most immediate result of this DCC is that the zero-order
moment is constant over all angles

p0(α) =

∫
(Rf 2D)(α, s) ds = const.. (2.33)

In essence, this is a conservation of mass statement, as p0(α) computes the integral
over the whole support of f 2D, cf. Figure 2.7, left. Another direct consequence for
m = 1 is Equation 2.29 describing the projection of the center of mass of the object
function f 2D,

p1(α) = ucom · cos(α) + vcom · sin(α), (2.34)
with

ucom =

∫∫
f 2D (u, v) · u dudv and vcom =

∫∫
f 2D (u, v) · v dudv. (2.35)

In words, the projection of the center of mass is the center of mass of the projection.
Because two and three sources always lie on a circle, these DCCs are not at all limited
to circular trajectories. The only necessity is for the projection to the detector to
be parallel. However, most HLCC-based artifact reduction methods rely on higher
orders, cf. Figure 2.7, bottom, which also require n + 1 projections on an arc of a
circle to be applicable, while most consider the coefficients of the Fourier series of
pm(α). In fact, pm(α) is a trigonometric polynomial of degree m and can therefore
be represented by a finite number 2 ·m+1 of Fourier coefficients. It should be noted
that even functions for n = 2, 4, 6... can be represented by all cosines, respectively
odd functions for n = 1, 3, 5... by all sines. Another popular choice of qm is some
orthogonal polynomial basis, such as Chebyshev polynomials [Lewi 83, Huan 17].
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Figure 2.8: Sinogram in Fourier domain of sinogram for object in Figure 2.1, right.

HLCC are a complete set of conditions, meaning that they fully characterize data
redundancy for the parallel circular case. HLCC and their extension to fan-beam
geometries [Chen 05] have been used in a multitude of applications including data
extrapolation [Erla 00, Huan 17, Xu 10], beam-hardening [Tang 11] and overexposure
correction [Preu 15], as well as attenuation correction in nuclear imaging [Welc 98].
Note that fan-beam conditions like HLCC in two dimensions are not without prob-
lems: while HLCC order n moment curves can be evaluated on n + 1 projections in
the parallel case, a rebinning of fan-beam projections to the parallel case [Sybe 19]
allows application of HLCC. However, data is spread over neighboring projections in
a range related to the fan width, making a projection-domain evaluation more diffi-
cult [Clac 15]. Only in the so-called “projection form” data from one, two, three, etc.
projections can be used to test order 0, 1, 2, etc. consistency conditions. This could
be achieved, for example by curve fitting and computing a residual as a measure of
inconsistency, cf. Figure 2.7. A drawback of HLCC are the strong assumptions made
in their derivation: they apply only to 2D parallel an fan-beam projections with a
circular trajectory. For the practically more relevant 3D case of the divergent X-ray
transform, to our knowledge, no equivalent to HLCC has been found for general tra-
jectories, although a set of necessary conditions was presented [Clac 16]. Complete
conditions do exist for special trajectories like sources on a plane [Clac 13b]. In addi-
tion, HLCC are not the only way to characterize the range of the Radon transform.
In the next section, a different characterization in Fourier domain will be mentioned.

2.3.2 Fourier Properties of Sinogram
The 2D Radon transform can be understood as a superposition of sine-waves. When
the object is known to have a finite support |x| < r with some radius r, then these
sine-waves are known to have a maximum amplitude, and hence, a maximum slope.
Intuitively, the sinogram cannot contain strong edges steeper than said slope, which
puts constraints on the spatial frequencies of a sinogram. This intuition is expressed
by the Fourier consistency conditions (FCC) which state that certain wedge-shaped
regions in the Fourier domain of the projection images have negligible absolute value.
The Fourier transform produces the typical wedge-shape in the frequency domain
shown in Figure 2.8. Edholm et al. [Edho 86] have presented a description of the
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wedge shape by considering the projection of a single point-shaped object. Let (r, ϕ)
denote the polar coordinates of a point-shaped object in the u-v-plane

f •(u, v) = δ (u− r·cos(ϕ), v − r · sin(ϕ)) , (2.36)

whose projection p• = (Rf •) is the sinusoid curve

p•(α, s) = δ (s− r · cos(ϕ− α)) . (2.37)

Taking the Fourier transform for the spectral variable σ ↔ s we have

(Fsp
•)(α, σ) =

∫
δ (s− r · cos(ϕ− α)) e−2πiσsds (2.38)

= e−2πiσr·cos(ϕ−α) (2.39)

and finally, the Fourier transform for n↔ α yields

(Fp•)(n, σ) =
∫

e−2πi(σr·cos(ϕ−α)+nα)dα. (2.40)

The wedge-shaped region becomes clear only when expressing Equation 2.40 in terms
of a Bessel function of order n [Edho 86, Eq. 11]

(Fp•)(n, σ) = Jn(σr)e
−in(ϕ+π/2), (2.41)

because it is a property of such Bessel functions Jn(σr) to decrease rapidly in mag-
nitude, as |σr| decreases below |n| − 1 for large |n|. This leads to a wedge-shaped
region of low absolute energy in the (σ, n) spectrum, with a demarcation defined by
the two lines n = ±rσ shown in red in Figure 2.8.

Similar constraints apply for the Fourier transform of so-called fanograms [Mazi 10],
i.e. the projections for a point-shaped X-ray source rotating about an object in the
plane and approximately extended to 3D cone-beam data [Berg 17]. Comparison
to other consistency-based cost-functions it has been found that a simple energy-
minimization in the wedge-shaped region has problems, especially a bias towards
moving the center of mass to the iso-center [Unbe 17b]. It should be noted that the
consistency condition does not require the whole wedge to have exactly zero energy,
especially for low frequencies (i.e. small n). The conditions have the disadvantage
that there is no projection-domain form. Several methods address this problem in
particular [Huan 17, Huan 18]

2.4 Consistency Conditions and the X-ray Transform

2.4.1 John’s Equation
All consistency conditions are specific to the trajectory of detector and source during
the acquisition. Typically, the linear and circular case are widely investigated, but
even for these two cases, one may differentiate between parallel 2D, fan-beam and
cone-beam geometries. For each of these cases, more than one fundamentally different
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Figure 2.9: X-ray sources on a plane parallel to the detector.

formulation of the data redundancy exists. In the following, we present an introduc-
tion to DCCs, with practical applicability to cone-beam geometries in mind. We will
rely on a basic redundancy which exists in all X-ray images, so as to be applicable
in as many practical situations as possible. As early as 1938, John [John 38, John 04]
presented a second-order elliptic partial differential equation (which expresses an
inherent dependency in the arguments of the X-ray transform. Suppose all X-ray
sources lie on a plane parallel to the detector. Think of c = (c0, c1)

⊤ as an X-ray
source position on the z = 0 plane and of x = (x0, x1)

⊤ as a pixel on the detec-
tor plane with a distance of one, cf. Figure 2.9. The X-ray transform (X f)(c,x)
then takes four arguments c0, c1, x0 and x1 defining any ray that intersects the two
planes. Except for rays parallel to the z = 0 plane, this is a full parametrization
of lines in space which also have four degrees of freedom. This parametrization of
lines in space is unusual for X-ray imaging, however, it is common to describe the
plenoptic function in the theory of light fields, for instance [Levo 06]. We denote it

(X f)(c,x) def
= (X f)

(
(c0, c1, 0)

⊤, (x0, x1, 1)
⊤) (2.42)

=

∫
f ((1− t) · c0 + t · x0, (1− t) · c1 + t · x1, t) dt. (2.43)

The object f is defined over only three spatial dimensions x, y and z. Since f fully
defines the four-argument function g̃, there must be an inherent dependency of these
arguments. In fact, it has been shown that the projection data g̃ (c,x) fulfills the
following PDE called John’s equation, which we will now derive.

We denote the derivative of f after the first, second and both arguments respec-
tively as fx, fy and fxy. For ∂

∂c0
and ∂

∂c1
we have

∂

∂c0
(X f)(c,x) =

∫
∂

∂c0
f((1− t) · c0 + t · x0, (1− t) · c1 + t · x1, t)dt (2.44)

=

∫
(1− t)·fx((1− t) · c0 + t · x0, (1− t) · c1 + t · x1, t)dt,

(2.45)

and ∂

∂c1
(X f)(c,x) =

∫
t·fy((1− t) · c0 + t · x0, (1− t) · c1 + t · x1, t)dt.

(2.46)
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Analogously for ∂
∂x0

and ∂
∂x1

we have

∂

∂x0

(X f)(c,x) =
∫

t·fx((1− t) · c0 + t · x0, (1− t) · c1 + t · x1, t)dt,

(2.47)

and ∂

∂x1

(X f)(c,x) =
∫

(1− t)·fy((1− t) · c0 + t · x0, (1− t) · c1 + t · x1, t)dt.

(2.48)

We can easily see that for mixed derivatives ∂2

∂c0∂x1
and ∂2

∂c1∂x0
we get identically

∂2

∂c0∂x1

(X f)c,x) = ∂2

∂c1∂x0

(X f)(c,x) (2.49)

=

∫
(1− t)t· fx,y((1− t) · c0 + t · x0, (1− t) · c1 + t · x1, t)dt, (2.50)

or
∂2

∂c0∂x1

(X f)(c,x)− ∂2

∂c1∂x0

(X f)(c,x) = 0 (2.51)

(
∂2

∂c0∂x1

− ∂2

∂c1∂x0

)
(X f)(c,x) = 0. (2.52)

This applies to the normalized X-ray transform, as measured in the form of cone-beam
projection data

g̃(c,x) =
√

(x0 − c0)2 + (x1 − c1)2 + 1 · (X f)(c,x) (2.53)

in exactly the same manner(
∂2

∂c0∂x1

− ∂2

∂c1∂x0

)
g̃(c,x) = 0. (2.54)

This is a complete and quite general characterization of consistency and Patch et
al. [Patc 02] used this formulation to synthesize projections by directly solving the
PDE numerically. To our knowledge, however, the partial differential equation is not
practical for use in motion correction applications in this form.

2.4.2 A Necessary Condition for Motion Parallel to the Detector
In this section we summarize the work by Patch et al. [Patc 02] and by Levine
[Levi 10] to express a basic DCC, variations of which are used in this work. We start
by establishing a relationship between John’s equation to the wave equation. The 2D
Fourier transform of the projection data ĝ = (FX g̃) of for spectral variable ξ ↔ x is

ĝ(c, ξ)
def
= Fxg̃(c, ξ) (2.55)

=

∫
g̃(c,x)e−2πiξxdx = 0. (2.56)
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For a fixed source positions c, this can be interpreted as the Fourier transform of
an X-ray projection image. A derivative of a function h(x) can be written as a
multiplication in Fourier space by the spectral variable ξ ↔ x and a factor of 2πi

Fx

(
∂h

∂x

)
(ξ) = 2πiξ · Fh(ξ). (2.57)

In Eq. 2.55 we have two partial derivatives, which can be expressed accordingly

Fx

(
∂2g̃

∂c0∂x1

− ∂2g̃

∂c1∂x0

)
(c, ξ) = 0, (2.58)

2πiξ0
∂

∂c0
ĝ(c, ξ)− 2πiξ1

∂

∂c1
ĝ(c, ξ) = 0. (2.59)

Note that the factor 2πi can be divided out. Let ξ⊥ = (ξ1,−ξ0)⊤ denote the orthog-
onal to the vector of partial derivatives of F g̃ for the first two arguments( ∂

∂c0
ĝ(c, ξ)

∂
∂c1

ĝ(c, ξ)

)⊤

ξ⊥ = 0, (2.60)

or

∇cĝ(c, ξ)
⊤ξ⊥ = 0. (2.61)

This can be read as a sum of two one-dimensional waves in the plane with the general
solution

∀τ : ĝ(c, ξ) = ĝ(c+ τξ⊥, ξ), (2.62)
or identically

∀τ : ĝ(c, τt⊥) = ĝ(c+ t, τt⊥). (2.63)
This equation states that the Fourier transform of the normalized X-ray transform
fulfills an intrinsic consistency property for shifts t of the X-ray source, which is,
however, difficult to interpret in Fourier space. Levine et al. [Levi 10] later pointed
out a direct consequence of Equation 2.62:

Let us assume we have acquired two cone-beam projections g̃(c, ·) and g̃(c+ t, ·)
by moving an X-ray source c parallel to the detector plane. Without loss of generality,
we can choose any particular coordinate system. Let the vector of motion t = (t, 0)⊤

be aligned with the c0 axis. Since the spectrum is identical in the t⊥ = (0, t)⊤

direction, we have

∀ξ1 : ĝ (c0 + t, c1; 0, ξ1) = ĝ (c0, c1; 0, ξ1) . (2.64)

We can now invert the partial Fourier transform ξ1 ↔ x1 and consider only the
zero-frequency ξ0 = 0 in the other direction

for ξ0=0:
∫

g̃ (c0 + t, c1; x0, x1) e
−2πiξ0x0dx0 =

∫
g̃ (c0, c1; x0, x1) e

−2πiξ0x0dx0

(2.65)

⇐⇒
∫

g̃ (c0 + t, c1; x0, x1) dx0 =

∫
g̃ (c0, c1; x0, x1) dx0. (2.66)
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Figure 2.10: Several lines on the detector (white, dotted) parallel to the motion t
(black, dotted).

Since these considerations are independent of an actual coordinate system, they ap-
ply to a general motion t and integration variable s along the detector line and its
orthogonal t⊥

∀u ∈ R :

∫
g̃
(
c, st+ ut⊥

)
ds =

∫
g̃
(
c+ t, st+ ut⊥

)
ds. (2.67)

Since a line-trajectory parallel to the detector might be found in a linear tomosynthe-
sis application, we will refer to Equation 2.67 as linear tomosynthesis condition (LTC).
We point out that Equation 2.67 implies an equality also of the partial derivatives in
u-direction (respectively x1-direction in Equation 2.66)

∀u ∈ R :
∂

∂u

∫
g̃
(
c, st+ ut⊥

)
ds = ∂

∂u

∫
g̃
(
c+ t, st+ ut⊥

)
ds. (2.68)

The LTC in Equation 2.67 applies for arbitrary offsets on the detector u orthogonal
to the direction of motion t. There exists a one-parameter function of redundant
information in two projections, cf. Figure 2.10. For each choice of u, the LTC uses
information from a plane through the object f defined by the two source positions
and any detector point st + ut⊥. In Figure 2.10, one such plane is highlighted in
transparent blue and it belongs to the detector line highlighted in dotted red. These
planes, called epipolar planes, will play an important role from Section 4.1.1 onward.

It is worth mentioning that Equation 2.65 and 2.66 are not equivalent to Equation
2.54, since only the ξ0 = 0 frequency is taken into consideration. This ignores much
of the redundant information and LTC are arguably weaker than Equation 2.54. We
investigate this particular condition, because it avoids additional assumptions on the
data that may impede practical application. However, Equation 2.66 does not express
higher order dependencies due to a specific trajectory under consideration. If more
prior information is available, e.g. more than one projection image along each line is
given, one may obtain more complex conditions [Clac 13a, Clac 13b]

The power of the simple integral condition of LTC lies in the fact that it is a
pairwise condition, meaning that any two projections necessarily fulfill it. Even if
the sources move on a circle (or in fact any other trajectory) in the source plane, a
line always passes through two sources. The condition does, however, require that
the detectors are in the same plane, which is not the case for rotations CT. We will
get back to this restriction in Section 4.1, where we will find that the LTC can be
extended to such cases by virtually rotating and moving the detector.
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B efore we begin the analysis of images, it is mandatory to understand the
geometric process underlying image generation. At this point, we choose to

ignore all aspects of geometric interaction of electromagnetic rays with matter i.e.,
scattering and reflections to obtain an ideal model for X-ray imaging, identical to
that of most visible light and infrared imaging applications − the central projection
onto a planar detector. The latter is well understood and described in standard works
of computer vision [Hart 00, Truc 98]. The object is placed between the detector and
X-ray source position, but this is algebraically identical to a detector between the
object and the camera center. In the context of this thesis, the “camera” is an X-ray
imaging system, and the camera center is analog to the point-shaped X-ray source
with the image being the flat-panel detector.

The common framework is real projective geometry for a good reason: Deter-
minants of homogeneous coordinates of points, lines and planes of two and three
dimensions compactly and elegantly describe all linear operations. The algorithms
discussed in this thesis are based on (a) integrals over lines in a plane and (b) inte-
grals over planes in space. All geometric relationships we require are union (join),
intersection (meet) or linear transformation including central projection. Depending
on the objects involved, the suitable geometric language may be complex, yet it is
always linear. In this chapter, we will introduce the reader to operations on linear
geometric objects in homogeneous coordinates of real projective two- and three-space.
The way we describe geometry largely goes back to mathematicians of the late 19th

century, namely, Hermann G. Grassmann [Gras 62], Julius Plücker [Pluc 68] and Fe-
lix Klein [Klei 72]. The goal of this chapter is to introduce geometric concepts on
such a level that the thesis is self-contained, assuming only basic linear algebra. A
standard work on projective geometry is, for example Coxeter et al. [Coxe 87]. A
concise introduction can be found in Hartley et al. [Hart 00].

27
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3.1 Projective Geometry of Two- and Three-Space

3.1.1 Notation

At first sight, it is easy to introduce an algebraic framework for geometry. We refer
to the classical approach simply as “Euclidean geometry” in this thesis. For instance,
one may represent points in the plane by two real-valued coordinates, or lines by
one such point and a direction, given, for example, by a unit two-vector. The same
notation applies as in the previous chapters. This section introduces and motivates a
projective representation based on homogeneous coordinates, which ultimately proves
more concise [Rich 11].

In Table 3.1 and 3.2, a list of important notational conventions is introduced
for this chapter. Homogeneous points in two-space (i.e. with three coordinates) are
denoted in bold lowercase a,b, c not set in italic. Since homogeneous lines in two-
space have the same representation as homogeneous three-vectors, we also use bold
lowercase l,m to denote lines. It should be straight forward to differentiate between
the two meanings based on the context, but also on the characters used. Sometimes
we also have to consider points and planes in the 3D world, which we represent
with vectors in homogeneous three-space (i.e. with four components) denoted by
bold lowercase decorated with a bar above the symbol ā, b̄, c̄ (“one dimension up”).
We use the letter c̄ exclusively for “center of projection” which in the context of
this thesis is the point-shaped X-ray source. We use the letters ē and f̄ for planes
exclusively. The only exception is the plane at infinity denoted as π̄∞. Lines in
three-space can be represented as Plücker coordinates. These will be denoted with
calligraphic L for “line” and later frequently R for “ray” and B for “baseline”. Note
that these homogeneous vectors (i.e. defined up to scale) with six coordinates have
must abide to an additional constraint, called the Grassmann-Plücker relation. The
space of Plücker lines is therefore merely four-dimensional (six minus one for scale
and another one for this ralation). The symbol ∼= will be used to denote equality up
to positive scalar multiplication. For the geometric operation of intersection, we will
use the function meet(. . . ) which maps, for example, two lines in two-space to the
common point or two planes in three-space to their common line. The dual operation
is called join(. . . ) and connects, for example, two points to the joining line or a line
and a point in three-space to the common plane. We use the symbol ∈ and /∈ on
points, lines and planes to signify “(not) contains” or “(not) lies on” in the geometric
sense.

Transformation of homogeneous quantities can be performed with general matri-
ces called homographies, as well as projection matrices that map from three- to two-
space. We use special characters to differentiate between these: H ∈ R3×3 for trans-
formations of two-space, T ∈ R4×4 for transformations of three-space and P ∈ R3×4

for projection from three- to two-space. The character R is used in different spaces
to denote rotation. Usually, this is an orthogonal matrix with determinant 1.
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Table 3.1: Summary of notation used in this chapter.
Two-space

a,b, o, x . . . Homogeneous points in the plane P2 (typical names).

l,m, · · · ∈ P2 Homogeneous lines in the plane.

l∞ ∈ P2 Line at infinity.

Three-space

ā, b̄, ō, x̄ . . . Homogeneous points in three-space P3 (typical names).

ē, f̄ . . .∈ P3 Planes in three-space.

π̄∞ ∈ P3 Plane at infinity.

L ∈ P5,L̃ ∈ P5 A line in space in Plücker coordinates and its dual.

[L]× 4× 4 Plücker matrix, composed from the six coordinates of L.

Operators

join(. . . ) Line connecting two points or plane through a line and a point.

meet(. . . ) Intersection of two lines in the plane or intersection of two planes.
∼= Equality of homogeneous quantities. On the level of homogeneous

coordinates this translated to equality up to (positive) scalar
multiplication.

∈,/∈ Also used for “contains” resp. “does not contain”; e.g x ∈ l reads
“point x lies on line l”.

3.1.2 Homogeneous Coordinates and Infinite Points
3.1.2.1 Points and Lines in Two-Space

We define a 2D line l ⊂ R2 as the set of solutions to a homogeneous equation (i.e.
one which equates to zero) with three scalar parameters l0, l1, l2

l =
{(

u
v

)
∈ R2 : l0u+ l1v + l2 = 0

}
. (3.1)

Just like any equality, we can multiply both sides of the linear equation with a non-
zero scalar λ 6= 0 without changing its solution(

u
v

)
∈ l ⇐⇒ λl0u+ λl1v + λl2 = 0. (3.2)

The vector
(

l1
−l0

)
points in the direction of the line and

(
l0
l1

)
is normal to the

line. The angle between the line and the u-axis is thus

α = atan2(−l0, l1). (3.3)
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Table 3.2: Naming conventions used throughout this thesis.
Naming
conventions

(often used with additional indices and decorators)

H ∈ R3×3 Homography of the plane i.e. general 3× 3 matrix defined up to
positive scale.

T ∈ R4×4 Homography of three-space i.e. general 4× 4 matrix defined up to
positive scale.

R Rotation matrix (sometimes represented as homography).

P ∈ R3×4 Projection matrix.

F ∈ R3×3 Fundamental matrix.

c̄ ∈ P3 “center of projection”, e.g. camera center.

R ∈ P5 Plücker coordinates of a projection ray.

B ∈ P5 Plücker coordinates of the epipolar baseline.

Figure 3.1: 2D line represented by angle to the u-axis α and distance to the origin t.

The signed distance of l to the origin is

t =
−l2√
l20 + l21

. (3.4)

This can be verified by checking the line equation for zero in the point (t · l0, t · l1)⊤.
Note that multiplications by scalars λ < 0 flip the sign of t and change the angle

by π, see Equation 3.9. We therefore introduce the equality relation of positive scalar
multiples of the vectors a, b ∈ Rn

a ∼= b ⇐⇒ ∃λ > 0 ∈ R : λa− b = 0, (3.5)

and, in the following, represent the line by the vector of its parameters

l ∼=

 l0
l1
l2

 ∈ P2, (3.6)
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in a topological space

Pn =
Rn+1\{0}
R+\{0}

. (3.7)

This is the Rn+1-space without the zero-vector, up to positive scalar multiples. The
space P2 contains exactly one set of equivalent vectors for every directed line in R2

and additionally equivalents of the vector (and its negative)

l∞ =

 0
0
1

 . (3.8)

We call l∞ the line at infinity, for reasons discussed later in Section 3.1.2.3. The line
with angle α to the u-axis and signed distance to the origin t, as shown in Figure 3.1
is

l ∼=

 l0
l1
l2

 ∼= line(α, t) =

 −sin(α)
cos(α)
−t

 =
1√

l20 + l21

 l0
l1
l2

 ∈ P2, (3.9)

compare Equations 3.3 and 3.4.
For a euclidian point (u, v)⊤, we have

x ∼=

 u
v
1

 ∈ l ⇐⇒ x⊤l = 0. (3.10)

Observe that we used the same space P2 and equivalence relation ∼= for the represen-
tation of both points and lines. We say that a line is in Hessian normal form, when
its coordinates are scaled such that its normal is of unit length ‖(l0, l1)‖ = 1. For
points not on the line (or generally (n−1)-dimensional subspace, e.g. plane in space)
the dot-product in Hessian normal form yields the signed distance d

x ∼=

 u
v
1

 /∈ l ⇐⇒ x⊤l = d 6= 0. (3.11)

In Figure 3.2 we present two common methods of representing homogeneous vectors.
Since arbitrary scalar factors λ can be divided out, one may choose to normalize the
last coordinate to one (Euclidean geometry). However, in this representation infinite
points do not exist due to a division by zero. If on the other hand one chooses to
normalize the homogeneous vector, one obtains the geometry on the unit sphere (see
also Riemann geometry).

3.1.2.2 Join and Meet Operations

We would like to find the point of intersection x ∈ P2 of the two lines l, m ∈ P2. We
know that both lines contain the point x
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Figure 3.2: Relationship of the projective plane to the Riemann sphere. While only
finite points can be represented in the z = 1 plane (ie. Euclidian geometry by division
by homogeneous coordinate) all points including infinite points can be represented
on the sphere (Riemann geometry by division by vector norm).

l⊤x = 0 and m⊤x = 0. (3.12)

In words, the vector representation of x is orthogonal to those of l and m. An
orthogonal vector in R3 is readily computed as the cross product. We have

x ∼= l×m (def)
= meet(l, m). (3.13)

Next, we would like to find the line l ∈ P2 through two points a, b ∈ P2. We know
that both points are on the line

a⊤l = 0 and b⊤l = 0. (3.14)

In words, the vector representation of l is orthogonal to those of a and b. An orthog-
onal vector in R3 is readily computed as the cross product. We have

l ∼= a× b (def)
= join(a,b). (3.15)

Note that Equations 3.13 and 3.15 are equivalent with the roles of points and lines,
as well as join and meet, exchanged. This principle is called duality and applies
generally to d- and (n−d−1)-dimensional objects of n-dimensional projective space.
In case of three-space, for instance, points (d = 0) and planes (3− 0− 1 = 2) will be
dual to one another, compare Section 3.1.3.1. Interestingly, Lines (d = 2) are dual
to themselves and we will find a primal-dual pair of coordinates of lines in space,
compare Section 3.1.3.2 and Section 3.1.3.3.

3.1.2.3 Infinity, Orientation and Closest Point to Origin

Point at Infinity and Line Direction In the following, we will refer to points
with homogeneous coordinate zero as ideal or infinite points. One way to think of
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infinite points is as directions. A line contains the infinite point in the direction of
the line (and its negative)  l0

l1
l2

 l1
−l0
0

⊤

= 0. (3.16)

The line with direction d ∈ R2 through the point p ∈ R2 is thus

join
((

p
1

)
,

(
d
0

))
. (3.17)

The point of intersection of two parallel lines

meet(l, l̂) =

 l1(l2 + c)− l2l1
l0l2 − (l2 + c)l0

l0l1 − l1l0

 =

 l1c
−l0c
0

 ∼=
 l1
−l0
0

 (3.18)

is an infinite point in the direction of the lines. More importantly, the meet with
infinity, compare Equation 3.8, gives the direction

d = meet (l, l∞) =

 l1
−l0
0

 . (3.19)

Closest Point to the Origin Recall that lines and points in projective two-space
are dual to one another, and especially that they have identical algebraic representa-
tions. The three-vector d = (l1, −l0, 0)⊤ can be seen not only as a point at infinity,
but also as a line. This line is orthogonal to l (since its normal is the direction vector)
and it passes through the origin, as its last element is zero. Geometrically, the path
of shortest distance to the origin is also orthogonal to the line. Therefore, the closest
point on the line to the origin can be computed via

o = meet (l,d) ∼=

 −l2l0−l2l1
1

 . (3.20)

Orientation and Sign of Join and Meet A line and its negative contain the
same points, but they point in opposite directions. The order of points in join and
meet operations matters for the orientation of lines, for example

join(a, b) = −join(b, a). (3.21)

Also note, that two lines may intersect in a “negative point” with negative homo-
geneous coordinate. We think of these points as normal Euclidian points with the
additional property, that they invert orientations, for example

join(a, b) = join(−b, a) = −join(a, −b), (3.22)

and meet accordingly.
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3.1.2.4 Plücker Matrix in Two Dimensions

This subsection demonstrates that the cross-product can be re-written as a multipli-
cation with a skew-symmetric matrix. We do this, firstly, because matrix notation
allows for the concatenation of several operations into one by mere multiplication.
Secondly, the cross-product is defined only for vectors of three components, while
the following concepts apply to arbitrary dimension. It will become obvious in Sec-
tion 3.1.3.2 that this is a general way to represent two-dimensional sub-spaces, using
so-callled Plücker matrices. We begin with the join operation of two points

l ∼= join(a, b) = a× b =

 a1b2 − b1a2
b0a2 − a0b2
a0b1 − a1b0

 =

 l0
l1
l2

 . (3.23)

and define an operator [·]× which assembles a skew-symmetric matrix according to

[l]× = ba⊤−ab⊤ =

 a0b0 − b0a0 a1b0 − b1a0 a2b0 − b2a0
a0b1 − b0a1 a1b1 − b1a1 a2b1 − b2a1
a0b2 − b0a2 a1b2 − b1a2 a2b2 − b2a2

 =

 0 −l2 l1
l2 0 −l0
−l1 l0 0

 .

(3.24)
The meet with another line m can be written as matrix multiplication

x ∼= meet(l, m) = [l]×m. (3.25)

3.1.2.5 Point and Line Homography

A linear (i.e. collinearity-preserving) transformation of Pn can be expressed by a
general n×n matrix, up to scale. H ∈ R3×3 is called a (planar) homography. Matrix
multiplication Hx = x′ by points represents the largest set of linear transformations,
including projective distortion. For example, a translation by (tx, ty)

⊤ in projective
two-space can be written as matrix multiplication 1 0 tx

0 1 ty
0 0 1

 x
y
1

 =

 x+ tx
y + ty
1

 . (3.26)

A rigid transformation in P2 with rotation angle α and translation t =

(
tx
ty

)
is

H ∼=

 cos(α) sin(α) tx
−sin(α) cos(α) ty

0 0 1

 =

(
R t
0 0 1

)
, (3.27)

with a rotation matrix
R =

(
cos(α) sin(α)
−sin(α) cos(α)

)
. (3.28)

In this work, we require that det(H) > 0, as to preserve orientation. A reflection, for
instance, reverses orientations and has a negative determinant. Observe, that a line
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Figure 3.3: Primal and dual lines in three-space. Points shown in red, lines in green.
planes in blue. Left: A line L in three-space defined by two points ā, b̄ ∈ P3 inter-
secting a plane in the point x̄ = [L]×ē. Right: A line L in three-space defined by two
planes ē, f̄ ∈ P3joined with the point x̄ by a common plane ḡ = [L̃]×x̄.

l ∼= a×b ∈ P2 transforms with the inverse transpose of a homography (provided that
the determinant is positive!)

(Ha)× (Hb) = det(H)H−⊤(a× b) ∼= H−⊤l. (3.29)
In case of the rigid transformation from Equation 3.27, we see that lines transform
according to

H−⊤ ∼=

 R 0
0(

−R⊤t
)⊤

1

 . (3.30)

A better intuition on transformations in projective spaces is beyond the scope of this
thesis and we refer to Hartley and Zisserman [Hart 00] for further reading.

3.1.3 The Geometry of Lines in Three-Space
3.1.3.1 Points and Planes in Three-Space

Analogous to the line equation in Section 3.1.2.1, the equation of a plane in R3 can
be written in Hessian normal form

ē ∼=


E0

E1

E2

E3

 ∼=

|
n̊
|
−t

 =
1√

E2
0 + E2

1 + E2
2


E0

E1

E2

E3

 , (3.31)

that is, with a normal of unit length‖n̊‖ = 1. We can represent the euclidian point
(X, Y, Z)⊤ ∈ R3 as a vector (X, Y, Z, 1)⊤ ∈ P3. A point x̄ ∈ P3 is contained in a
plane iff. x̄⊤ē = 0. Observe that in P3, points are dual to planes.

3.1.3.2 Plücker Matrix

We can describe a line L in 3-space by two distinct points ā and b̄ that lie on it.
Using the results of Section 3.1.2.4 we express the line as an anti-symmetric matrix

[L]× = b̄ā⊤ − āb̄⊤ ∈ R4×4, (3.32)

and show in this section that it represents the line L = join(ā, b̄):
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Meet with a plane. By multiplication with a plane ē, we get

x̄ = [L]×ē = b̄ ā⊤ē︸︷︷︸
α

− ā b̄⊤ē︸︷︷︸
β

= b̄α− āβ. (3.33)

The plane ē either

• contains the line L, in which case α = β = 0 and [L]×ē = 0 /∈ P3.

• or x̄ is the point of intersection of the line L and the plane ē because

– x̄ is on the line L as it is linear combination of ā and b̄ (see Equation
3.33),

– and the plane ē contains the point x̄, since

ē⊤x̄ = ē⊤[L]×ē = βα− αβ = 0. (3.34)

We define

meet(L, ē) = x̄ = [L]×ē. (3.35)

Uniqueness. Two arbitrary distinct points ā′ and b̄′ on the line can be written as
a linear combination of ā and b̄. Let

ā′ = λAā + λBb̄ (3.36)

and b̄′ = µAā + µBb̄. (3.37)
Then, the Plücker matrix of their joining line is identical up to scale with [L]× since1

[L′]× = b̄′ā′⊤ − ā′b̄′⊤ = (λAµB − λBµA)︸ ︷︷ ︸
̸=0 for ā≇b̄

[L]×. (3.38)

Plücker Coordinates From Equation 3.32, we see that [L]×is a skew-symmetric
4× 4 matrix constituted by six distinct values

[L]× = b̄ā⊤ − āb̄⊤ ∼=


0 L01 L02 L03

−L01 0 L12 L13

−L02 −L12 0 L23

−L03 −L13 −L23 0

 (3.39)

with

L ∼=



L01

L02

L03

L12

L13

L23


=



a0b1 − a1b0
a0b2 − a2b0
a0b3 − a3b0
a1b2 − a2b1
a1b3 − a3b1
a2b3 − a3b2


, (3.40)

1We ignore here, that the order of points ā′ and b̄′ on the line affects orientation, when the scalar
is negative.
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where
L01L23−L02L13+L03L12= 0. (3.41)

Since L is defined up to scale and abides by Equation 3.41, also called the Grassmann-
Plücker relation, it has only four degrees of freedom, just like lines in three-space
should have. This duality is visualized in Figure 3.3.

3.1.3.3 Dual Plücker Matrix

This subsection defines a dual line via the intersection of two planes ē and f̄. We then
show that the representation comprises the same set of coordinates in a different
arrangement, as if it were represented by two points on the line. We express the dual
line L̃ = meet(ē, f̄) as an anti-symmetric matrix

[L̃]× = f̄ē⊤ − ē̄f⊤ ∈ R4×4, (3.42)

and obtain a plane ḡ, which contains both the line L̃ and a point x̄ via

ḡ = [L̃]×x̄ = join(L, x̄). (3.43)

Due to duality of points and planes in three-space, the same argumentation as in
Section 3.1.3.2 applies. We now establish the relationship between the line L and its
dual L̃. As the vector x̄ = [L]×ē for an arbitrary plane ē is either the zero-vector or
represents a point on the line, we have

∀x̄ = [L]×ē ∈ P3 : [L̃]×x̄ = 0. (3.44)

It follows that (
[L̃]×[L]×

)⊤
= [L̃]×[L]× = 0 ∈ R4×4. (3.45)

The following product fullfills this property
0 L23 −L13 L12

−L23 0 L03 −L02

L13 −L03 0 L01

−L12 L02 −L01 0




0 L01 L02 L03

−L01 0 L12 L13

−L02 −L12 0 L23

−L03 −L12 −L23 0

 = 04×4, (3.46)

with the Grassmann-Plücker Relation from Equation 3.41. Due to uniqueness of line
coordinates (up to scale) we get for the primal Plücker coordinates

L =
(
L01, L02, L03, L12, L31, L23

)⊤
, (3.47)

the dual Plücker coordinates

L̃ =
(
L23,−L13, L12, L03,−L02, L01

)⊤
. (3.48)
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3.1.3.4 Direction and Moment

Projective three-space contains a plane at infinity π̄∞ ∼= (0, 0, 0, 1)⊤. The direction
of the line is thus the intersection

d̄ = meet(L, π̄∞) = [L]× · π̄∞ =

(
d
0

)
. (3.49)

Dually, we can compute a plane which contains the line L and the origin via

m̄ = join

L,


0
0
0
1


 = [L̃]×


0
0
0
1

 =

(
m
0

)
. (3.50)

We call the vectors

d =

 L03

L13

L23

 , (3.51)

the direction (sometimes called displacement) and

m =

 L01

−L02

L12

 , (3.52)

the moment of the line. The primal and dual Plücker matrices can be written as

[L]× =

(
[m]× d

−d⊤ 1

)
, (3.53)

and
[L̃]× =

(
[d]× m
−m⊤ 1

)
. (3.54)

The Grassmann-Plücker relation from Equation 3.41 states that d and m are orthog-
onal

L01L23−L02L13+L03L12= d⊤m = 0, (3.55)

which is also the condition that [L]× · [L̃]× = 04×4.

3.1.3.5 Geometric Interpretation of Plücker Coordinates

Let ā and b̄ denote finite points with B3 = A3 = 1. Then a = (A1, A2, A3)
⊤ are the

coordinates in R3and b analogously. In this case, the direction can be written as the
difference

d = b− a, (3.56)

and the moment as the cross-product

m = a× b. (3.57)
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From Equation 3.50, we understand that the moment is the normal to the plane,
which contains the origin and the line. Observe, that the vector of the point d̄ in
Equation 3.49 can also be interpreted as a plane d̄ orthogonal to a finite line through
the origin. It follows, that its intersection with the line gives the closest point to the
origin

t̄ = [L]×[L]× · π̄∞ =

(
d×m
‖d‖2

)
. (3.58)

The distance of the line to the origin is therefore

d =
‖m‖
‖d‖

. (3.59)

3.2 The Pinhole Camera Model

3.2.1 Central Projection
The projective geometry of photo cameras and X-ray imaging follow the same model.
In this work, we will not consider the case when the center of projection is at infin-
ity (i.e. parallel projection) and summarize the information required to understand
Chapters 3ff. . As both light rays and X-rays are straight lines, projection can be
described by the intercept theorem, as shown in Figure 3.5. Here, a special coordinate
system is assumed, where the world X- and Y -axes are parallel to the image plane.
Since the pinhole, or focal point, is located between the object and the image plane,
the image will appear flipped. We account for this by choosing the u- and v-axis to
be parallel to world X- and Y - axis, only pointing in the opposite direction.

Focal Length We can express the mapping of any world point using the intercept
theorem. Let f denote the focal length, which is the distance between the image
plane and the pinhole. Further, let (X, Y, Z)⊤ ∈ R3 be a world point that maps to
the image point (u, v)⊤ ∈ R2 , then there exists a simple relationship (cf. Figure 3.5)(

u
v

)
=

f

Z

(
X
Y

)
. (3.60)

We can express said relationship as a projective transformation with x̄ = (X, Y, Z, 1)⊤ ∈
P3 and point x ∼= (u, v, w)⊤ ∈ P2 as

x ∼=

 f ·X
f · Y

Z

 = Pf x̄,
if Z>0∼=

 f ·X
Z
f ·Y
Z

1

 , (3.61)

with a projection matrix

Pf =

 f 0
f 0

1 0

 . (3.62)

The condition Z > 0 is met if the point x̄ is in front of the pinhole camera. Note that
the pinhole is the origin of three-space c̄f = (0, 0, 0, 1)⊤ and maps to the zero-vector

0 = Pf c̄f · (3.63)
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Figure 3.5: The Pinhole Camera. Left: A world point x̄ in coordinates relative to
the camera is mapped to the image point x. Right: The image depends linearly on
the focal distance between the pinhole and the image plane, as well as the distance
of the world point to the pinhole (visualized for the v-axis). Note that the image
will be flipped, with the u- and v-axis oriented in the opposite direction as the X−
and Y -axes, because the image plane is on the opposite side of the pinhole than the
object. Mathematically, however it makes no difference on which side of the pinhole
we place a “virtual” image plane.

3.2.1.1 Transformation of a Projection Matrix

To this point we have assumed very specific coordinate systems shown Figure 3.5. In
order to accommodate general projections, world and image can be transformed by
homographies T ∈ R4×4 and H ∈ R3×3 with

x′ ∼= Hx and x̄′ ∼= Tx̄, (3.64)

where
x = Px̄. (3.65)

The mapping from original 3D points to transformed image points can be expressed
within a single matrix P′

x′ = HPTx̄ = P′x̄ where P′ = HPT ∈ R3×4. (3.66)

However, the transformations are not entirely independent. The result is a 3 × 4
matrix defined up to positive scale with at most 11 degrees of freedom while H and
T have 8, respectively, 15 degrees of freedom. The following sections briefly discuss
a geometrically meaningful decomposition into 11 parameters of a projection matrix.

3.2.1.2 General Pinhole Camera Model

The RQ-decomposition, a variant of the well-known QR matrix decomposition can be
used to quickly separate the so-called intrinsic and extrinsic parameters of a projection
matrix. We have
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Figure 3.6: Projection of a world point x̄ ∈ P3 in X-, Y -, Z-coordinates to the image
point x ∈ P2. If x is finite, it has the pixel coordinates (u, v)⊤. Note that the image
plane is visualized on the opposite side of the object than the center of projection,
which is the case for X-ray imaging.

P=K (R t) with K =

 αu s u0

αv v0
1

 , (3.67)

with an upper triangular matrix K and the rigid transformation
(

R t
)

with a left
3 × 3 rotation matrix R (i.e. det(R) > 0) and right-most column translation vector
t. After transformation with R and t , the center of projection has moved from
the origin to

c̄ =

(
−R⊤t

1

)
. (3.68)

From Equation 3.63, we can see that the center of projection is in the null space
of the projection matrix and, further, that the null-space must be one-dimensional
because both K and R have full rank

c̄ ∈ null(P) (3.69)

This thesis will assume a positive center of projection (i.e. neither null nor negative
values in the homogeneous coordinate). The remaining parameters are skew parame-
ter s, which is zero for rectangular pixels, the focal length in pixels αu and αv, which
are equal for square pixels and, finally, the principal point p = (u0, v0)

⊤, which is the
orthogonal projection of the center of projection to the image. In case of flat-panel
detectors and CCDs we can assume square pixels. The principal point is typically
close to the center of the image. A detailed analysis of projection matrix composition
and decomposition can be found in [Hart 00] and is beyond the scope of this thesis.

3.2.1.3 Backprojection of Image Points

Points on the same line through the center of projection map to the same image point.
This line is also called the backprojection ray. It is defined by the center of projection
c̄ and any 3D point. Given a pixel location x = (u, v, 1)⊤ we can compute some point
distinct from the center of projection x̄+ = P+x, where P+ denotes the pseudoinverse
of the projection matrix. Its projection is the same image point Px̄+ = PP+x = x .
Thus the Plücker coordinates of the backprojection ray are given by R = join(x̄+, c̄).
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3.2.1.4 Backprojection of Lines in the Image

Intuitively, the backprojection rays of points on a common line in the image are
contained in a single backprojection plane. Let P denote a projection matrix with
center of projection c̄ ∈ null(P) and let l denote a 2D line through two image points
a and b. Further, let ē denote a plane with the coordinates ē ∼= P⊤l. We now show
that ē is the backprojection of the line l. A plane in space is fully defined by three
points that lie on it. The plane ē trivially contains the center of projection, since

ē⊤c̄ = l⊤ Pc̄︸︷︷︸
=0

= 0. (3.70)

Let ā+ ∼= P+a and b̄+ ∼= P+b denote the backprojection of the image points. We
have

ē⊤ā+ = l⊤PP+︸︷︷︸
I3

a = l⊤a, (3.71)

and b̄+ analogously. The plane ē thus contains all three points ā+, b̄+and c̄ and
thus both back-projection rays from a and b. It must therefore be identical to the
backprojection plane of the line l.

3.2.2 Anatomy of the Projection Matrix
The geometry of a rotational computed tomography system is commonly described
by distance measurements of source and detector. A typical set of parameters is the
source-detector distance, the source-iso-center distance, which is the distance to the
rotation center, and the detector geometry, as well as misalignment parameters, such
as the detector offset and the iso-center offset. One such example can be found in the
open-source library RTK2, which relies on the international standard IEC 61217. The
assembly of a projection matrix from a sequence of transformations is straightforward.
This section, however, discusses the inverse of how to compute source and detector
parameters given a projection matrix.

3.2.2.1 Axis Planes

In the following, let p̄1⊤, p̄2⊤ and p̄3⊤ denote the row 4-vectors of P. We will interpret
these three vectors as three planes:

x =

 u
v
d

 = Px̄ =

 − p̄1⊤ −
− p̄2⊤ −
− p̄3⊤ −

 x̄ (3.72)

and consider the three special cases, where

u = 0 ⇐⇒ p̄1⊤x̄ = 0, (3.73)
v = 0 ⇐⇒ p̄2⊤x̄ = 0, (3.74)

and d = 0 ⇐⇒ p̄3⊤x̄ = 0. (3.75)
2the reconstruction toolkit, http://www.openrtk.org

 http://www.openrtk.org
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Further, let
m1 = (P11, P12, P13)

⊤ , (3.76)
m2 = (P21, P22, P23)

⊤ , (3.77)
and m3 = (P31, P32, P33)

⊤, (3.78)
denote the normal vectors to these planes, which are also the row-vectors of the left
3× 3 sub-matrix M of the projections matrix. The center of projection c̄ is the null-
space of the projection matrix and lies on all three axis planes. This is visualized in
Figure 3.7.

Observe, that the condition u = 0 corresponds to the case where x lies on the v-
axis and x̄ could be anywhere along the corresponding backprojection rays. It follows,
that x̄ is on the plane containing the image v-axis and the center of projection. Since
there exists only one such plane and p̄1⊤x̄ = 0 always holds, p̄1 must be exactly the
plane through the center of projection intersecting the image plane in the v-axis.
Analogously, p̄2 must be the plane through the center of projection intersecting the
image in the u-axis.

3.2.2.2 Principal Plane

If a point x̄ maps to infinity it follows, first, that its view ray is parallel to the image
plane and, second, that x̄ must lie on the plane p̄3⊤, the principal plane u

v
0

 ∼= Px̄ =

 − p̄1⊤ −
− p̄2⊤ −
− p̄3⊤ −

 x̄ ⇒ p̄3⊤x̄ = 0. (3.79)

Please note that in this equation, the projection matrix is decomposed into three
homogeneous row vectors. However, the scale factor between these is not arbitrary
in Eq. 3.79 as far as the components of the matrix are concerned. In other words,
knowledge of the axis planes alone is not enough information to define a projection
matrix. The last row p̄3⊤ is the principal plane and is parallel to the image passing
through the center of projection. It forms and integral part of the projection matrix,
since it is used to define depth and to discern points in front and points behind the
camera, compare Section 3.2.3.Note that m3 = (P31, P32, P33) is therefore orthogonal
to the image plane.

3.2.2.3 Axis Vectors

In case of digital cameras, as well as digital X-ray detectors, the CCD is designed,
such that the image u- and v-axes are orthogonal. In that case, the normal vectors
to the planes p̄1 and p̄2 are

v = m3 ×m1 (3.80)
and

u = m3 ×m2 (3.81)
point in the direction of the image u- and v-axes in three-space. These vectors can be
used to quickly find the 3D location of image points, by multiplying them with u and
v coordinates and taking into account the origin of the image coordinates relative the
the so-called principal point.
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Figure 3.7: Special planes encoded in rows of the projection matrix. Since Pc̄ = 0,
all three planes contain the center of projection c̄. The p̄1 plane also contains the
image v-axis, while the p̄2 plane also contains the image u-axis. The p̄3 plane takes
a special role and is also called the principal plane. Its normal m3 is orthogonal to
the image plane which it intersects in the principal point (u0, v0, 1)

⊤ = Mm3, where
M ∈ R3×3 is the left sub-matrix of P.

3.2.2.4 Principal Point

We know that m3 is orthogonal to the image plane. To find the orthogonal projection
of the center of projection to the image, we can compute

P ·
(

c̄ +
(

m3

0

))
= P ·

(
m3

0

)
= Mm3 ∼=

 u0

v0
1

 . (3.82)

The principal point is typically located close to the center of a pixel representation
of an image, unless the image plane is rotated. This may be the result of effect
photography with unusual perspectives (such as tilt-shift) or misalignment of the
detector.

3.2.3 Oriented Pinhole Camera

3.2.3.1 Depth of Points

Not all points in space are actually seen by a camera. In case of a visible light camera
only points in front of the camera are imaged, while in case of X-ray imaging, only
objects between X-ray source and detector are imaged. In order to transport these
concepts, we need to introduce a notion of oriented distance, which is not projective
by nature. For example, depth is not defined for cameras at infinity (i.e. parallel
projection). From Section 3.2.2 we know that the principal ray with direction m3

points towards the image plane. As a homogeneous quantity, the projection matrix
can be multiplied by scalars. Negative scalars flip the orientation of the vector m3.

To resolve orientation ambiguity, we exploit the determinant det(M) of the left
3 × 3 sub-matrix of P. A 3 × 3 determinant is multi-linear alternating and changes
sign when the matrix multiples by −1. Therefore det(M) changes sign when P is
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multiplied with a negative scalar. This allows us to express the signed distance to
the principal plane of a finite world point x̄ = (X, Y, Z, 1)

depth(x̄, P) = sign (det(M))

‖m3‖
· p3⊤X, (3.83)

where sign(·) is the signum function and returns +1 for a positive argument and −1
for a negative argument. Notice, that w = p3⊤X is the homogeneous coordinate of
the image point, which can be found in the last component of the respective vector
representation.

We introduce a normalized projection matrix of the form

P⋆ =
sign (det(M))

‖m3‖
· P. (3.84)

A finite world point x̄ not on the principal plane projects to

x =

 d · u
d · v
d

 = P⋆x̄. (3.85)

where (u, v)⊤ are the pixel coordinates of x and the depth of the world point x̄ is the
distance of x̄ to the principal plane p̄3 of the projection matrix P

depth(x̄, P) = d, (3.86)

We now have the means to defined that points “in front of a camera” shall be those
with positive depth.

3.2.3.2 Detector Plane

If the pixel spacing m (i.e. the distance between pixel centers in millimeters) is known
and pixels are square, this information can be used to find the equation of the image
plane. W.l.o.g. let ‖m3‖ = 1, then the last element in p̄3 is the distance of the
principal plane to the origin. To get the image plane, we have to move the principal
plane by the focal length in world units. The focal length in pixels αu or αv can be
obtained via RQ decomposition of P or directly [Truc 98]

αu =
√
‖m1‖2 − u0, (3.87)

or αv accordingly. To compute the actual focal distance, we need to divide by the
pixel spacing m

f =
αu

m
. (3.88)

The detector plane is thus

ī =


P31

P32

P33

P34 + f

 . (3.89)
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3.2.3.3 Detector Coordinate System

The origin of the detector can be found by intersection of the backprojection ray of
the image origin and the detector plane. We have

s̄ = meet
(

join(P+ (0, 0, 1)⊤ , c̄), ī
)
. (3.90)

Let the detector have square pixel with spacing m and let the vectors of the points at
infinity in the direction of the axis vectors ū ∼=

(
u
0

)
and v̄ ∼=

(
v
0

)
conveniently

scaled to length m and, further, let s̄ have homogeneous coordinate equal to one,
then the location of any detector pixel (u, v) can be computed directly via linear
combination

x̄(u,v) = s̄ + u · ū + v · v̄. (3.91)
We can use this result to visualize the source detector geometry using only the infor-
mation of a projection matrix, in addition to the spacing m and number of pixels of
the detector.

3.3 Epipolar Geometry

3.3.1 Two-View Computer Vision
3.3.1.1 Stereo Vision

The problem of recovering geometric information from two pinhole cameras with
different center of projection is called stereo vision. Such images may arise from
two cameras looking a the same scene simultaneously (for example the human eye)
or by moving a single camera and acquiring two images of a static scene over time
(for example a CT scan). In any case, the geometry between the two cameras puts
certain constraints on the images of points. See Figure 3.8 for a visualization of this
situation. Suppose we have two images with known projection matrices P0 and P1

with centers of projection c̄0 ∈ null(P0) and c̄1 ∈ null(P1).
Suppose the point x0 = P0x̄ in image 0 shows a specific feature of unknown 3D

location x̄, perhaps the corner of an object. We may ask, where the corresponding
point x1 = P1x̄ showing the same feature in image 1 is located. Although we do
not know the exact location of the world point x̄, we know that it must be located
somewhere on the backprojection ray R = join(P+x̄, c̄0), shown in Figure 3.8 in
dashed orange. We can forward project all candidate points for x̄ on that ray to
image 1, which gives us a line l1(blue, left). The point x1 must then be on that line,
algebraically l⊤1 x1 = 0. This section discusses several ways of how to compute such a
line l1, called epipolar line.

3.3.1.2 Epipolar Plane

Note that the construction is symmetric for the two views. We might instead start
with a point x1 in image 1 and end up with an epipolar line l0 in image 0. Interestingly,
the backprojection rays from x0 and x1 intersect in the point x̄ and therefore define



48 The Projective Geometry of Flat-Panel X-Ray Imaging

a common plane, which also contains both centers of projection c̄0 and c̄1. This
plane is called epipolar plane. Its intersection with the image planes yields the two
corresponding epipolar lines l0 and l1. Algebraically, we can represent the epipolar
plane via backprojection of the lines, cf. Section 3.2.1.4

ē = P⊤
0 l0 ∼= P⊤

1 l1. (3.92)

Since we can freely choose the world point x̄, there must exist a pencil of epipolar
planes. Each of these planes must contain both source positions, therefore, the pencil
is defined around the 3D line

B = join(c̄0, c̄1), (3.93)

which is the line connecting the two camera centers and is contained in any epipolar
plane, cf. Figure 3.8. This line is called stereo baseline.

3.3.1.3 Invariance of Epipolar Lines to Transformation of the World

Let T ∈ R4×4 with det (T) > 0 represent a linear transformation of points in world
coordinates (i.e. the object). Further, let l0 and l1 denote two corresponding lines
in the sense of Equation 3.92. We can apply the transformation T to the projection
matrices directly, according to Section 3.2.1.1. For the transformed epipolar plane ē′
we have

(P0T)⊤ l0 ∼= (P1T)⊤ l1 (3.94)

⇐⇒ T⊤P⊤
0 l0 ∼= T⊤P⊤

1 l1 (3.95)
T−⊤·⇐⇒ P⊤

0 l0 ∼= P⊤
1 l1, (3.96)

and pairs of corresponding epipolar lines are invariant to such a transformation.
However the corresponding epipolar plane is now the inverse transpose of the original
plane

ē′ ∼= T⊤P⊤
1 l1 (3.97)

⇐⇒ T−⊤ē′ ∼= P⊤
1 l1 = ē. (3.98)

Planes in three-space, just like lines, transform with the inverse transpose of point
homographies [Coxe 87] (compare Section 3.1.2.5).

3.3.1.4 Invarance of Epipolar Planes to Transformation of the Images

Let H ∈ R3×3 with det (H) > 0 represent a linear transformation of points in coordi-
nates of image 0. Further, let l0 and l1 denote two corresponding lines in the sense of
Equation 3.92. From Section 3.1.2.5 we know that the transformed epipolar line l′0 is

l′0 = H−⊤l. (3.99)
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Figure 3.8: Action of the fundamental matrix F in the epipolar geometry of two pin-
hole cameras. The baseline B connects the source positions c̄0 and c̄1. By intersection
of the baseline with the image planes (shaded gray), we obtain the epipoles (inter-
section visualized only for e0). The joining lines of any image point x0 produces an
epipolar line. The corresponding epipolar line l1 can be obtained by multiplication of
x0 with the fundamental matrix F. Note how the orange dashed line and the baseline
form an epipolar plane. By intersection of that plane with the image planes, one
obtains the corresponding epipolar lines in three-space.

We can apply the transformation H to the projection matrix P0 directly, according
to Section 3.2.1.1. For the transformed epipolar plane ē′ we have

ē′ ∼= (HP0)
⊤ l′0 (3.100)

∼= P⊤
0 H⊤H−⊤l (3.101)

∼= P⊤
0 l0 (3.102)

∼= ē. (3.103)

3.3.2 Geometry of the Stereo Baseline
3.3.2.1 Fundamental Matrix

Epipolar geometry is usually described by a single 3×3 matrix F, called fundamental
matrix, which maps any point x0 on one detector to a line l1 on the other detector,
cf. Figure 3.8. This matrix is commonly used in computer vision to search for corre-
sponding points and triangulate 3D geometry. We present a brief derivation, which
takes our special definition of oriented pinhole cameras into account and establish
the relationship to the Plücker coordinates of the baseline.

Suppose that the same world point is seen by two cameras as x0
∼= P0x̄ and x1

∼=
P1x̄. The epipolar line l1 is the projection of the backprojection rayR ∼= join(P+

0 x0, c̄0)
to the other detector. Any line is fully defined by two distinct points that lie on it.
Since every backprojection ray necessarily passes through the center of projection,
we immediately know one point e1 ∼= P1c̄0 on the line l1. We call this point epipole.
A second point is obtained by backprojection of x0 according to x̄+ ∼= P+x0. By
definition of the pseudoinverse I3 = PP+ the point x̄+ must be located on the back-
projection ray x0

∼= Px̄+ and it must also be distinct from from c̄0, since c̄0 is in the
null-space of P0.
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We have just found two points on the backprojection ray, namely c̄0 and x̄+. We
call the join of their projections the epipolar line

l1 ∼= P1c̄0 × P1P+
0 x0 =

(
[P1c̄0]×P1P+

0

)
x0 (3.104)

for the fundamental matrix for the projections (P0, P1)

F1
0
∼= [P1c̄0]×P1P+

0 . (3.105)

Likewise, the corresponding epipolar line is

l0 ∼=
(
[P0c̄1]×P0P+

1

)
x1. (3.106)

An oriented epipolar plane ē is readily computed via the backprojection of the cor-
responding epipolar lines l0 or l1 respectively as

ē ∼= P⊤
0 l0 ∼= P1l1 (3.107)

⇐⇒ ∀x̄ ∈ P3+ : P⊤
0 [P0c̄1]×P0x̄ ∼= P⊤

1 [P1c̄0]×P1x̄. (3.108)

Using the epipolar plane for any world point x̄, we can express the relationship
between the epipoles

P⊤
0 [P0c̄1]×P0

∼= P⊤
1 [P1c̄0]×P1 (3.109)

P+⊤
1 P⊤

0 [P0c̄1]×P0P+
1
∼= [P1c̄0]×. (3.110)

Substitution yields
F1
0
∼= [P1c̄0]×P1P+

0

∼= P+⊤
1 P⊤

0 [P0c̄1]×P0P+
1 P1P+

0︸ ︷︷ ︸
I3

∼= −F0⊤
1 .

(3.111)

As a result and in accordance to Laveau et al. [Lave 96], we see that the oriented
fundamental matrix for the cameras (P0, P1) is the negative transpose of the fun-
damental matrix for the cameras (P1, P0). According to Section 3.2.3, the epipolar
P1c̄0 is positive exactly if c̄0 is in front of P1. From our definition of the pinhole
camera model, it follows directly that a positive x̄+ = P+

0 x0 is in front of the camera
if and only if x0 is positive. In any case R consistently points towards the detector.

3.3.2.2 Fundamental Matrix and Dual Plücker Matrix of the Baseline

The orientation of epipolar lines determines the orientation of the epipolar plane. For
a discussion of orientation and epipoles not limited to the oriented pinhole camera
used in this thesis see the paper by Chum et al. [Chum 03]. Via the fundamental
matrix we get for l0 and l1 consistently
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ē ∼= P⊤
0 l0 ∼= P⊤

0 F0
1x1, ∼= P⊤

0 F0
1P1︸ ︷︷ ︸

[B̃]×

x̄ (3.112)

∼= P⊤
1 l1 ∼= P⊤

1 F1
0x0
∼=

︷ ︸︸ ︷
P⊤

1 F1
0P0 x̄, (3.113)

where the anti-symmetric 4× 4 matrix [B̃]× maps points in P3 to planes in P3. It is a
Plücker representation according to Section 3.1.3.3 of a dual line through the camera
centers, also called the baseline in stereo vision. It can be represented as a 6-vector
of Plücker coordinates B according to Equation 3.40 with

[B̃]× ∼= P⊤
1 F1

0P0 = −P⊤
0 F1⊤

0 P1 = P⊤
0 F0

1P1, (3.114)

which is the dual to [B]× ∼= c̄1c̄0⊤− c̄0c̄1⊤, compare Equation 3.39. We have not been
able to find this derivation in literature.
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W e have discussed in Section 2.4.1 how John’s equation can be used to express
a cone-beam consistency condition for linear motion of the source, compare the

LTC in Equation 2.67. Section 3.3.1.1 discussed how certain lines in projection images
of two source-detector geometries are related through a common plane. This chapter
will bring these two seemingly independent topics together. Firstly, the geometry of
the mentioned consistency condition is an instance of epipolar geometry. Secondly,
the consistency condition generalizes to arbitrary cone-beam geometries by using the
geometrical tools discussed in Chapter 3 and addressing the following restrictions of
LTC:

1. The source position lies in the z = 0 plane, parallel to the detector in the z = 1
plane.

2. The redundant line integral in Equation 2.67 is in special coordinates, where
the direction of integration is parallel to the direction of motion t.

3. The projection data is weighted by the inverse distance of each detector pixel
to the source, in Equation 2.53.

The following Sections 4.1.1.2 and 4.1.1.3 show that a detector can be virtually
rotated and translated by distortion of existing images. Section 4.1.2.3 thus derives
an algorithm for fan-beam consistency condition to re-project an arbitrary pair of
X-ray images into the special configuration of Equation 2.67. We present a practical
implementation of this algorithm by means of a weighted integration on the original
images, without a re-projection step that is expensive in terms of both time and
memory.

Finally in Section 4.2.1, we review Grangeat’s theorem which states that a cer-
tain derivative of a line integral in a projection image is related to a corresponding
derivative of a plane integral through the object. The theorem was initially applied to
reconstruct a 3D object via Radon intermediate functions (i.e., filtered line-integrals
over projection images). Since corresponding epipolar lines are related via exactly

53
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the same such plane, we can use the theorem to express a very similar consistency
condition to the latter. Again, we present a practical algorithm that benefits from
the elegance of epipolar geometry and extraordinarily fast evaluation time due to the
pre-computation of Radon intermediate functions. In this context, a third option
of epipolar consistency using the ramp filter is presented and all three variants are
compared.

4.1 Stereo Rectification for Cone-Beam Consistency

4.1.1 John’s Equation and Stereo Rectification
4.1.1.1 Fan-Beam Consistency within Epipolar Planes

We begin with a derivation of the transformations required to make the condition
in Section 2.4.1 applicable to arbitrary cone-beam projections. A re-projection to a
virtual detector for evaluation of this DCC has been suggested already by Levine at
al. [Levi 10] and first implemented by Lesaint et al. [Lesa 17a]. A similar approach
even considering epipolar lines has been used already by Brandt et al. [Bran 13].
Since the DCC then applies to a plane intersecting two general cone-beam projec-
tions, it will be referred to as fan-beam consistency (FBCC) in the following. This
is intuitive, since epipolar planes intersect each cone in a 2D fan of rays. Aichert et
al. [Aich 18b] later made the connection to the well-understood algorithm in stereo
computer vision called rectification. Rectification is the first step for the computa-
tion of a depth-map from two visible-light images [Laza 08] and simplifies disparity
estimation to a correspondence search along the horizontal image axis. Stereo recti-
fication is the process by which two rectifying homographies are applied to a pair of
general projection images to produce identical corresponding epipolar lines which are
parallel to the horizontal image axis. In other words, rectification is determined up
to a shearing transformation which leaves horizontal lines constant [Loop 99]. This
case is the epipolar geometry for motion parallel to the image plane up to horizontal
shearing of both images. If no shearing were applied, this would be exactly the ge-
ometry of the X-ray transform as it was introduced by John assumes X-ray sources
moving on a plane parallel to a single static detector.

The consistency condition for a linear source motion is applicable to any detector
plane parallel to the line of motion (baseline) which was assumed to coincide with
the u-axis. In this case, we are dealing with a special instance of the rectification
problem, where line integrals are not invariant to shearing and we want pixels on
the virtual detector to be square. This leaves only two degrees of freedom: the
orthogonal direction to the baseline which defines the v-axis of the virtual detector
and the distance of the virtual detector plane. The moment of the stereo baseline
(cf. Section 3.3.2) is a good choice for the virtual v-axis, since the object is typically
centered in the origin. In case of a circular trajectory, it coincides with the rotation
axis, which has been suggested by Lesaint et al. [Lesa 17a].

The following sections express a rectification algorithm via translation and rota-
tion in 3D, which aligns the image u-axis with the baseline direction and the v-axis
with the baseline moment. We thereby show that we can virtually re-position the
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detector, while preserving pixel shape and source positions. All of this can be done vir-
tually by projectively distorting an existing projection image. This section is loosely
based on Aichert et al. [Aich 18b], but extended by expressing the rectification as a
3D similarity transformation and by using an elegant way to compute the Jacobian
[Lesa 18b].

4.1.1.2 Rotation of the Detector about the Center of Projection

The following section shows that re-projection to a virtual detector plane is in fact
a rotation of the detector. This fact is obvious considering that such rotated images
share the same source position and thus represent the same bundle of light rays.
Virtual rotation can be applied to an existing projection image, after acquisition.
Consider a source-detector geometry given by RQ-decomposition of the projection
matrix (cf. Section 3.2.1.2)

P = K [R|t] ∈ R3×4. (4.1)

Let the homography of three-space T⋆ ∈ R4×4 with det(T⋆) > 0 describe a rotation
R⋆ ∈ R3×3 about the center of projection c = −R⊤t ∈ R3. We have

T⋆ =

(
R⋆ t⋆

1

)
, (4.2)

where t⋆ shall be chosen such that it leaves c̄ constant

T⋆c̄ = c̄
⇐⇒ t⋆ = c−R⋆c

= R⋆R⊤t−R⊤t. (4.3)

In other words, the transformed projection matrix

P⋆ =K [R|t]T⋆

(4.3)
= K

[
RR⋆|RR⋆R⊤t−RR⊤t+ t

]
=K

[
RR⋆|RR⋆R⊤t

]
, (4.4)

preserves the center of projection

c⋆ =− (RR⋆)⊤ RR⋆R⊤t

=−R⊤t

= c.

When two projection images share a common center of projections, it follows that each
backprojection ray for a pixel from an image acquired by one, has a corresponding
pixel in the image of the other. We will now establish the mapping from pixels in
one projection image to the other. There exists a linear transformation H ∈ R3×3 for
which we can write
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P⋆ =K
[
RR⋆|RR⋆R⊤t

]
=K

[
RR⋆R⊤R|RR⋆R⊤t

]
=KRR⋆R⊤ [R|t]
=KRR⋆R⊤K−1︸ ︷︷ ︸K [R|t]

= H · P, (4.5)

with
H = KRR⋆R⊤K−1. (4.6)

In other words, a rotation about the image center can be simulated by a distortion
of an existing projection image with the homography H according to Equation 4.6.

4.1.1.3 Translation of the Detector In- and Out-of-plane

Given intrinsic parameters

K =

 αu u0

αv v0
1

 , (4.7)

we now consider the effect of a similarity transformation of the image

H =

 s tu
s tv

1

 , (4.8)

according to

HP =HK [R|t]

=

 sαu su0 + tu
sαv sv0 + tv

1

 [R|t] .

While tu and tv obviously translate the detector within the detector plane (in pixels),
the scaling s can be interpreted according to Section 3.2.3.2 as motion of the detector
in the direction of the principal ray, i.e., orthogonal to the detector plane and by a
distance of

tZ = f − sf. (4.9)
In conclusion, can simulate both arbitrary rotation, see Section 4.1.1.2, and arbi-
trary translation of the detector by distortion, respectively similarity transformation
of an existing image. This proves the existence of a rectifying transformation as sug-
gested in Section 4.1.1 by simulating projections of the same object from the same
source position, merely with a different detector pose. In the following subsection,
we will achieve the same result by actual re-projection onto a virtual detector. This
demonstrates the connection to Lesaint et al. [Lesa 17a].
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Figure 4.1: The stereo baseline connecting c̄0 and c̄1 and its relation to the virtual
detector plane (blue). Note how the pincipal axes are rotated (black arrow) to become
orthogonal to the virtual detector. The virtual image plane is parallel to the baseline
Plücker moment and direction.

4.1.2 Pairwise Fan-beam Consistency (FBCC)
4.1.2.1 Rectification by Re-Projection

In the following we show how central projection from a point c̄ ∈ P3 to a virtual
detector plane ē ∈ P3 can be written as single matrix Tē

c̄ ∈ R4×4 acting on homo-
geneous three-points. We go on to define a coordinate system on that plane and
compute rectifying homographies from two projection matrices.

We express the projection of a point x̄ ∈ P3 to a point x̄′ = Tē
c̄x̄ ∈ P3 as the

intersection of the plane ē with the line R through the points c̄ and x̄. Using the
Plücker matrix from Section 3.1.3.2 of the line [R]× = x̄c̄⊤− c̄x̄⊤ we can immediately
compute the intersection

[R]×ē = c̄x̄⊤ē− x̄c̄⊤ē
=

(
I4(c̄⊤ē)− c̄ē⊤

)
x̄

= Tē
c̄x̄.

Note that I4(c̄⊤ē) is simply a 4× 4 diagonal matrix of c̄⊤ē. We obtain the projection

Tē
c̄ = I4c̄⊤ē− c̄ē⊤, (4.10)

where I4 denotes the 4× 4 identity matrix. Note that Tē
c̄ is rank-deficient and is not

a homography. Neither is Tē
c̄ a projection matrix, for we have not established a 2D

image coordinate system on the plane ē.

4.1.2.2 Rectification by Re-Projection

Before we define the detector coordinate axes, we need to discuss how to choose
a virtual detector plane ē. Consider two X-ray source-detector geometries defined
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by the projection matrices P0, P1 ∈ R3×4. Recall that two rectified homographies
H0, H1 ∈ R3×3 shall be applied to projection images H0P0 and H1P1 such that their
virtual image planes are parallel to the baseline and corresponding epipolar lines are
equal and parallel to the u-axis.

Assuming that the iso-center is approximately in the coordinate origin, then a
good choice of virtual detector plane is when the v-axis points in the direction of the
baseline moment. This virtual detector plane is

ē ∼=
(
d̊×m̊

0

)
∈ P3, (4.11)

where
m̊ =

m

‖m‖
∈ S2 (4.12)

is the unit vector in the direction of the Plücker line moment of the baseline and

d̊ =
d

‖d‖
∈ S2 (4.13)

the unit vector in the direction of the baseline, accordingly. Note that m̊ is also the
normal of the plane containing both line and origin. In case of a circular trajectory,
this would also be the normal to the plane of rotation, for which the v-axis typically
points in the direction of the v-axis of all original projection images. Since the u-axis
must point in the direction of the baseline, we establish a 2D coordinate frame for
points in the plane ē with 3D coordinate axis directions d̊ and m̊ according to

S =

(
d̊
⊤

0
m̊⊤ 0
0 m

)
∈ R3×4. (4.14)

with some virtual pixel size m in mm. From Section 3.2.3.2 we know that the pixel size
effectively defines the distance of the detector plane to the source. In this manner,
m = ∥m∥

∥d∥ would scale the pixel to the same size and the distance of the origin to
the baseline. This corresponds exactly to the geometry described in 2.4.1. In our
experiments we choose m = 1 and note that Equation 2.67 uses a normalized X-ray
transform according to Equation 2.2. Recall that LTC acts on the normalized X-ray
transform which is weighted by the distance of each pixel to the source. Since this
distance is measured in units of the image (i.e., pixels), we can move the detector
forward and backward in this manner while the scale factors (i.e., pixel size) can be
found on both sides of an equality and thus cancel out.

Given an original image with projection matrix P0 and source position c̄0 ∈
null(P0), let Tē

c̄ ∈ R4×4 denote the central projection through c̄0 to 3D points on
the virtual detector plane ē and S defined its 2D coordinate system. We understand
that a point on the backprojection ray of a pixel x can be computed by multiplication
with the pseudo-inverse P+. In consequence, the homography

H0 = STē
c̄0P

+
0 ∈ R3×3, (4.15)

directly relates pixels from the original image to pixels in the virtual detector plane
ē. This situation is visualized in Figure 4.1. We can rectify two projections by
application of the homographies
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Figure 4.3: Fan-beam consistency condition [Levi 10] as implemented in the original
images. The computation of the rectified images in Figure 4.4 is avoided, but the
curves are identical to a weighted summation over the intensity in these images. The
two curves overlap almost perfectly (hence the difficult visualization).

H0and H1 = STē
c̄1P

+
1 , (4.16)

accordingly.

4.1.2.3 Rectification by Re-Projection

Figure 4.2 shows 3D visualizations of source-detector geometries for several examples.
Note that the images are increasingly distorted. While it is correct to apply the ho-
mographies to the pixel representation of projection images and compare sums over
horizontal images lines, this algorithm remains inefficient [Aich 18b]. The rectified
images must have small pixel size for proper sampling and the process requires con-
siderable amounts of time and memory. Also note, that rectification must be applied
to each and every pair of projection images. For n = 133 projections, there are as
many as (133−1)·133

2
= 8778 pairs of projections.

In the following, we present a practical algorithm to compute FBCC. Recall from
Section 3.1.2.5 that lines transform with the inverse transpose of point homographies

l′ ∼= H−⊤l. (4.17)
Since we sample in the domain of epipolar lines (α′, τ ′) the virtual detector plane

l ∼= H⊤l′ = H⊤
(

sin(α′)
−cos(α′)

−τ ′

)
. (4.18)

While the results shown in this work rely on the algorithm described in Aichert
et al. [Aich 18b], we note that Lesaint et al. [Lesa 18b] has since shown that the
Jacobian determinant of integrating over lines in a perspective distorted image can
be computed more simply

JH(u, v) =
det (H)∣∣h⊤
3 (u, v, 1)

⊤
∣∣ , (4.19)
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where h3 is the last row-vector of H and u, v is the current pixel position on the line.
The two formulations are numerically identical but Lesaint et al. is considerably more
compact. On top of that, Lesaint et al. [Lesa 18a] has since shown that JH(u, v) is an
additional weight inside the integrals with the distance of each pixel to the epipoles.
This does not affect algorithm complexity but further simplifies implementation.

Algorithm 4.1: Radon transform of a projectively distorted image Hf for
a line l′ = H−⊤l from the original image f .

• input

– Line l′ = (sin(α′), −cos(α′), −τ)⊤

– Homography H ∈ R3×3 (as in Equation 4.16).

1. Compute l according to Equation 4.18, its closest point o and direction d
(Recall Section 3.1.2.3).

2. Normalize ‖n‖ = ‖d‖ = 1 and dehomogenize o2 = 1.

3. Compute values tmin and tmax, such that xmin = o + tmin · d and
xmax = o + tmax · d are the intersections of the line with the image border with
tmin < tmax.

4. Initialize summation variable s.

5. for ( t = tmin; t ≤ tmax; t← t+∆t )

(a) Compute pixel location (u, v, 1)⊤ ∼= x← o + t · d .
(b) Compute j ← JH(u, v).
(c) Compute distance w of 3D location of x (on the virtual detector) to the

source position.
(d) Increment s← s+ f(x) · j · w ·∆t.

• return Variable s, which is the Radon transform of projectively distorted
image Hf for a line l′.

Algorithm 4.1 computes an integral along a line l′ over an image which has been
projectively transformed by a homography H. The algorithm also contains an ad-
ditional distance weight from each pixel to the source, since Equation 2.67 assumes
a normalized X-ray transform. For validation, we present in Figure 4.3, top, the
redundant signals extracted from two X-ray shots of a pumpkin shown in Figure
4.6, along with the warped images in Figure 4.4. The fan-beam consistency condi-
tion can be computed explicitly as a sum over these rectified images weighted by
the distance of each point to the stereo baseline. Integration in the original images,
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Figure 4.4: Rectified projection images of a pumpkin phantom in case of a primary
angle difference of 120°. The green cube is intended to visualize the distortion intro-
duced by rectification.

while taking into account the Jacobian according to Algorithm 4.1 is identical. The
method breaks down for large primary angle difference, once the epipoles lie within
the images, compare Figure 4.2, bottom.

4.2 Epipolar Consistency and Radon Intermediate Func-
tions

4.2.1 Radon Intermediate Functions
The following section is rooted in analytic reconstruction theory. The derivation
of various reconstruction formulas is well beyond the scope of this work. We point
the reader to books such as [Zeng 10, Buzu 08, Natt 86]. While the connection be-
tween Grangeat’s theorem and epipolar geometry was first established by Aichert et
al. [Aich 14, Aich 15a], the following sections rely on the more general and concise
presentation by Jérôme Lesaint [Lesa 18b]. We begin by summarizing the results of
Clack(doyle) et al. [Clac 94], who first presented a common reconstruction frame-
work using so-called Radon intermediate functions, including that of Smith [Smit 85]
and Grangeat [Gran 91], as well as Tuy [Tuy 83]. At the core of these reconstruction
techniques is a direct link between the 2D Radon space of projection images and the
3D Radon space of the object. While most of this thesis addresses specifically two
projection images, literature considers a CT trajectory under continuous motion of
the source, which is parametrized by a single parameter (typically named λ). For our
purposes, it suffices to start with the divergent X-ray transform

g
(
θ̊, c

)
=

∫ ∞

0

f(c+ θ̊t) dt, (4.20)

where c ∈ R3 is the source position and θ̊ ∈ S2 points in the direction of a specific ray.
Any point x ∈ R3 on such a ray can be denoted x = c + t̊θ, where t is the distance
from the source position c. Note that practical use in FDCT of this representation
of projections still requires a change of variables to flat-panel detector pixels. The
divergent X-ray transform g

(
θ̊, c

)
can be obtained from a flat-panel detector image

I(u, v) with the same source position by a per-ray division by the cosine of the angle
of the respective ray and the detector plane. This means the following results directly
apply to cosine-weighted FDCT projection images.

We present two filters that link both 3D Radon space and 2D Radon space of
projections. These filters are the derivative (Grangeat) and ramp filter (Smith), both
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of which have been used for epipolar consistency [Lesa 16]. The two filters can be
written as the derivative of the Dirac impulse δ′ and the ramp filter in Fourier domain

δ′(s) = 2πi

∫
σe2πiσs dσ (4.21)

and
ρ(s) =

∫
|σ|e2πiσs dσ. (4.22)

We refer to the function ϵτ (s) simply as the filter and define it as a linear combination
of the two

ϵτ (s) = (1− τ)δ′(s) + τρ(s). (4.23)
We will be most interested in the filter ϵ0 = δ′ (Grangeat) but we do note that ϵ1 = ρ
(Smith) has been used in the contex of consisteny as well [Lesa 16]. Both δ′ and ρ
are homogeneous functions of degree -2, meaning that

∀α ∈ R : ϵτ (αs) =
1

α2
ϵτ (s). (4.24)

The two filters differ in that one is even and the other is odd

δ′(−s) = −δ′(s) and ρ(−s) = ρ(s). (4.25)
The following paragraph summarizes Lemma 1 in Clackdoyle et al. [Clac 94] and can
also be found in context of epipolar consistency in Ch. I 1.6 Eq. 57 ff. in Lesaint et
al. [Lesa 18b]. We begin with the definition of the Radon intermediate function

G
(
β̊, c

)
=

∫
S2
g
(
θ̊, c

)
ϵτ

(
θ̊
⊤
β̊
)

dθ̊. (4.26)

Here, c denotes the X-ray source position and the unit vector β̊ is interpreted as the
normal to a plane through the source position. Then θ̊

⊤
β̊ can be interpreted as the

cosine of the angle of a projection ray to the plane. The remainder of this section
shows that for a fixed c, this function is a filtered projection image. Due to the
particular importance of the result for this thesis, all steps [Lesa 18b] are reproduced
here. First, we consider the ray

θ̊ =
x− c

‖x− c‖
, (4.27)

belonging to a 3D detector position x. We can thus perform a polar-to-cartesian
change of variables, which introduces a Jacobian of t2 = ‖x− c‖−2

G
(
β̊, c

)
=

∫
R3

ϵτ

(
x− c

‖x− c‖
· β̊

)
1

‖x− c‖2
dx. (4.28)

Pulling out a factor of 1
t

from underneath a homogeneous function of degree -2 pro-
duces t2 which cancels out with the Jacobian

G
(
β̊, c

)
=

∫
R3

ϵτ

(
x · β̊ − c · β̊

)
f(x) dx. (4.29)
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Figure 4.5: Definition of coordinate systems. The principal ray meets the detector
at a right angle and defines the u-v coordinate center. The angles ϕ and θ define the
ray direction θ̊.

Next, it is a property of the Dirac function that the integral of a function f(s)
multiplied with δ (s− x) over the whole domain s evaluates the function at x

f(x) =

∫
f(s)δ (s− x) ds. (4.30)

We can write

G
(
β̊, c

)
=

∫
R3

∫
ϵτ

(
s− c · β̊

)
δ
(
x · β̊ − s

)
ds f(x) dx. (4.31)

Now we can move f(x) into the integral over s and change the order of integration

G
(
β̊, c

)
=

∫
ϵτ

(
s− c · β̊

)(∫
R3

δ
(
x · β̊ − s

)
f(x) dx

)
ds. (4.32)

Using the property of the Dirac function from Equation 4.30, one finally obtains
filtered versions of the 3D Radon transform over a particular plane

G
(
β̊, c

)
=

∫
((1− τ)δ′ + τρ)

(
s− c · β̊

)(
(Rf)(β̊, s)

)
ds. (4.33)

Note that the filter is actually a convolution of (R) in the s-variable with the function
((1− τ)δ′ + τρ), which finally gives us

G
(
β̊, c

)
= τ(ρ ∗ (Rf))(c · β̊)− (1− τ)(δ′ ∗ (Rf))(c · β̊). (4.34)

4.2.2 Grangeat’s Theorem
Grangeat [Gran 91] has shown that the Radon intermediate function for τ = 0 can be
computed directly from projection images. To show this, we follow the calculations
by Lesaint [Lesa 18b] and define a coordinate system (u, v) representing the detector
axes with the origin in the principal point (projection of c along w). The origin shall
be located in the source position c = (0, 0, 0)⊤ and without loss of generality, the
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detector u-axis is parallel to the plane ēκ defined by the normal β̊. A sketch of this
coordinate system can be found in Figure 4.5. We change variables from the ϕ-θ
sphere to the u-v detector, where dSD is the source detector distance. We begin by
parametrizing the ray direction θ̊ on the sphere with two angles ϕ, θ

θ̊ = (sin(ϕ), sin(θ)cos(ϕ), cos(θ)cos(ϕ))⊤, (4.35)

dθ̊ = cos(ϕ)dϕdθ. (4.36)

In this particular spherical coordinate system, the direction β̊ simply becomes (β, 0).
We express the detector pixel coordinates in terms of the ray direction and source-
detector distance:

v = dSDtan(θ), (4.37)

u =
√
v2 + d2SDtan(ϕ). (4.38)

The distance of the pixel x with coordinates u, v to the source c (located in the
origin) is now

‖x− c‖ =
√
u2 + v2 + d2SD. (4.39)

By differentiating Equations 4.37 and 4.38 we have

dθdϕ =
dSD

‖x− c‖2
√

v2 + d2SD
dudv. (4.40)

Using trigonometry, we can express cos(ϕ) via u and dSD

cos(ϕ) =
√

u2 + d2SD
‖x− c‖

, (4.41)

and we can express the dot-product

θ̊
⊤
β̊ = vcos(β)− dSDsin(β). (4.42)

Putting Equations 4.40 and 4.41 into Equation 4.36, we obtain

dθ̊ =

√
u2 + d2SD
‖x− c‖

· dSD

‖x− c‖2
√

v2 + d2SD
dudv

=
dSD

‖x− c‖3
dudv.

Finally, setting τ = 0 and changing the variables in Equation 4.26 gives

G
(
β̊, c

)
=

∫
S2
g
(
θ̊, c

)
δ′
(
θ̊
⊤
β̊
)

dθ̊

=

∫∫
Ic(u, v) · δ′ (vcos(β)− dSDsin(β)) dSD

‖x− c‖3
dudv.

Here, Ic denotes the cosine-weighted flat-panel detector projection image. The equa-
tion vcos(β) − dSDsin(β) = 0 actually defines a line on the detector with the only
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information contributing to G0

(
β̊, c

)
. To make this more explicit, we can pull out

the cos(β) from the Dirac derivative and make the line integral explicit without the
Dirac notation

G
(
β̊, c

)
=

∫∫
Ic(u, v) ·

1

cos(β)2 · δ
′ (v − dSDtan(β)) dSD

‖x− c‖3
dudv

=
1

cos(β)2
∂

∂v

∫
Ic(u, v) du

∣∣∣∣
v=dSDtan(β)

. (4.43)

This is known as Grangeat’s theorem. Its importance lies in the fact that a quantity
from the 3D Radon transform can be computed using just a cone-beam projection
image. Note that the coordinate system was chosen to prove the theorem for lines
with v = const. without loss of generality, i.e., the general case differs by only a rigid
transformation and the theorem holds for any choice of β̊. Debbeler et al. [Debb 13]
pointed out that Grangeat’s theorem actually connects certain plane integrals, i.e.,
the 3D Radon transform, with line integrals of the projection, i.e., the 2D Radon
transform. In Equation 4.43 we can see that the filtering occurs in an orthogonal
direction to the line. We can compute all values of G

(
β̊, c

)
in one go by computing

the 2D Radon transform of the cosine-weighted projection image (actually a discrete
version thereof) and taking the derivative in the second variable

∂

∂t
(RI)(α, t), (4.44)

and multiplying a weight of 1
cos(β)2 that depends on the plane normal β̊. Here, the

Radon intermediate function is parametrized by a line l = line(α, t) instead of β̊.
So far, we have computed the line from the plane normal β̊ but the inverse will be
discussed in the following section.

4.2.3 Relation to Epipolar Geometry
The intermediate function has been used for reconstruction, however in this work,
we are particularly interested in a property of Equation 4.34. The source position
c appears only in the dot-product c · β̊. As a consequence, we have an identity for
shifting the source position inside the plane orthogonal to β̊

∀t ∈ R3 s.t. t · β̊ = 0 : G
(
β̊, c

)
= G

(
β̊, c+ t

)
. (4.45)

Note that both sides of the equation have identical weight 1
cos(β)2 , so it divides out.

This is an almost identical expression to the derivative of the LTC condition from
Equation 2.68 of Section 4.1.1. The formulation by Grangeat is more powerful because
it does not require the source to move in parallel to the detector.

Interestingly, Equation 4.45 holds only for motion vectors t with t · β̊ = 0. In
practice, we have a given set of projections, say two cosine-weighted projections I0
and I1 with projection matrices P0 and P1 source positions c0 and c1. The choice
of a direction β̊ is no longer free, since t = c1 − c0 is the translation between the
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Figure 4.6: Pumpkin phantom. Left: Two slices through a CT reconstruction. Cen-
ter: Photograph. Right: Iso-surface rendering of the air interface.

two X-ray source positions. This takes away one degree of freedom. The direction
β̊ is now fully defined by a single angle around the translation vector t. Recall that
the 3D Radon transform is a plane integral over a plane defined by normal vector β̊
and signed distance to the origin s. The plane ēκ ∼= (β̊,−s)⊤ thus contains c0 and
due to t · β̊ = 0 also contains the source position c1 = c0 + t. Finally, t takes the
role of the stereo baseline an the line on the detector as identified in equation 4.26
is an epipolar line, since it is the intersection of ēκ and the detector. Evidently, the
underlying geometry is exactly epipolar geometry. This realization is an important
step in expressing and quantifying all redundant information in two X-ray projections
based on what we will now call epipolar consistency. For any plane ēκ ∼= (β̊,−s)⊤
we have

G0(l0) = G1(l1), (4.46)
where l0 and l1 are epipolar lines with

l0 = P⊤
0 ēκ (4.47)

and l1 = P⊤
1 ēκ, (4.48)

with
Gi(l) def

= Gi(α, t) =
∂

∂t
(RIi)(α, t). (4.49)

This is the main result of this section. Note that Lesaint et al. [Lesa 16] has shown
that the same also works for the case of τ = 1 with the Ramp filter and we have
already introduced FBCC, both of which are also types of epipolar consistency. All
three are discussed in the coming sections, however practical experiments usually use
the derivative, in the following called Grangeat cosistency condition (GCC).

4.3 Implementation of Consistency Metrics
In Sections 4.1 and 4.2 three different conditions on epipolar lines have been presented.
The first, called FBCC, is a weighted integral over intensities on epipolar lines. The



68 Epipolar Consistency

second, GCC is an orthogonal derivative of an integral along the lines. The third,
was not derived entirely but instead of the derivative τ = 0 uses a ramp filter τ = 1
in the orthogonal direction to the line integrals[Lesa 16]. The underlying geometry
is the same. In this section, we define a way to measure inconsistency between two
projection images. The metric should be irrespective of the order of views and it
should be fast to evaluate.

4.3.1 Epipolar Lines from Projection Matrices and Angle
The conditions we have established hold for each pair of corresponding lines. Since
there exists a pencil of epipolar planes, each of which induces a corresponding line
pair, this section first addresses the geometric aspect of computing corresponding
epipolar lines lκ0 and lκ1 from two projections matrices P0 and P1 and an epipolar plane
angle κ. We will solve this geometric problem using the tools from Chapter 3 and
condense the algorithm from the following steps into two small matrix multiplications

1. Parametrize epipolar planes by epipolar plane angle κ.

2. Compute from an epipolar plane ēκ the epipolar lines lκ0 and lκ1 .

3. (only for Radon intermediate GCC and SCC) Compute sample locations in
filtered Radon transforms such that lκ0 = line(α0, t0).

We begin by computing the source positions

c̄0 = (C0
0 , C

1
0 , C

2
0 , C

3
0 , )

⊤ ∈ null(P0), (4.50)

and c̄1 accordingly. The Plücker coordinates of the baseline are then

B ∼= (B01, B02, B03, B12, B13, B23)
⊤, (4.51)

where
Bij = Ci

0C
j
1 − Ci

1C
j
0 . (4.52)

We can use the insights from Section 3.1.3.3 to construct any epipolar plane in the
pencil around the baseline B from a single angle κ. To do so, we need to single out an
arbitrary plane from the bundle as reference (i.e., angle κ = 0◦). We will assume that
the origin is somewhere in the object, so that none of the source positions coincides
with the origin. This is a safe assumption, since it is common practice to have the
coordinate origin located in the iso-center for circular CT trajectories. Using the
notation from Section 3.1.3.4, let d denote the line direction

d =
( −B03

−B13
−B23

)
, (4.53)

and m denote the line moment

m =
(

B12
−B02
B01

)
. (4.54)

For most practical purposes the source positions are finite (i.e., non-parallel projec-
tions) and we could compute d and m according to
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d = c1 − c0, (4.55)

and
m = c0 × c1 , (4.56)

where c0 and c1 denote the source positions in R3. Assuming that the the baseline
does not contain the world origin

dB =
‖m‖
‖d‖

6= 0, (4.57)

we can w.l.o.g. select a scale of B such that ‖d‖ = 1 and use a reference plane which
contains the origin

ē0 = [B̃]×


0
0
0
1

 =

(
m
0

)
. (4.58)

In the unlikely case that that origin is exactly contained in B, one can offset the
reference point or the whole trajectory without changing the epipolar geometry. Later
in this work we discuss using dB as a weight, in which case the exact case dB = 0
is simply ignored. If we go back to Figure 3.4, we see that an orthogonal plane is
conveniently given by

ē90° =

(
m× d
m⊤m

)
. (4.59)

4.3.2 From Epipolar Planes to Lines
It is easy to see that any linear combination of ē0 and ē90° also contains the baseline B.
Note that we have fixed the scale of ē0 and ē90°, so we can perform metric operations.
This enables us to define a plane by linear combination of the planes

ēκ =
1

‖m‖
(
cos(κ)ē0 + sin(κ)ē90°) . (4.60)

If we scale w.l.o.g. ‖d‖ = 1, then ēκ is in Hessian normal form. Its normal then forms
an angle of exactly κ to the reference plane ē0. The whole operation can be written
as a single matrix multiplication

ēκ = K
(

cos(κ)
sin(κ)

)
, (4.61)

with
K =

1

‖m‖

(
m m× d
0 m⊤m

)
∈ R4×2. (4.62)

The matrix K maps unit vectors to epipolar planes. Recall Equation 3.107

ēκ ∼= P⊤
0 lκ0 ∼= P1lκ1 . (4.63)
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Using the pseudoinverse-transpose P+⊤
0 we obtain

lκ0 = K0

(
cos(κ)
sin(κ)

)
, (4.64)

with
K0 = P+⊤

0 K ∈ R3×2, (4.65)
and accordingly for the other line K1, where the image size is nu×nv and lκ0 is assumed
to be in Hessian normal form. In Algorithm 4.2 we present a MATLAB implementa-
tion of the geometric part of the EC algorithm. A C++/CUDA implementation of
the same if available on GitHub1.

Algorithm 4.2: Geometry for epipolar consistency. Computation of K0 ∈
R3×2 according to Equation 4.64, and K1 accordingly.

% Compute a mapping from an angle k to epipolar lines.
% Usage: l0_k=K0*[cos(k); sin(k)];
%        l1_k=K1*[cos(k); sin(k)];
function [K0 K1]=ecc_computeK(P0, P1);
  % Source positions
  C0=null(P0); C1=null(P1);
  % Plücker Coordinates of the baseline
  [B01 B02 B03 B12 B13 B23]=join(C0,C1);
  a2=[B12;-B02;B01];   % Plücker line moment
  a3=[-B03;-B13;-B23]; % Plücker direction of line

  % Normalization
  s2=norm(a2); s3=norm(a3);
  % Mapping from [cos(k) sin(k)]' to epipolar plane
  K=[[ a2/s2 ; 0], [ cross(a3,a2)/(s3*s2); -s2/s3 ] ];
  % Mappings from k to corresponding epipolar lines
  K0=pinv(P0)'*K; K1=pinv(P1)'*K;
end % function

4.3.3 Epipolar Lines in Radon Space
If Radon intermediate functions are used, we still need to convert the lines into angle
and signed distance. Let us denote the line coordinates of lκ0 = (lκ0,0, l

κ
0,1, l

κ
0,2)

⊤ . Then
recall the computation of the sample locations in the Radon transforms from Eq. 3.3
and 3.4

ακ
0 = atan2(−lκ0,0, lκ0,1) and tκ0 =

−lκ0,2√(
lκ0,0

)2
+
(
lκ0,1

)2 , (4.66)

and ακ
1 , t

κ
1 accordingly.

Two practical notes in this context are firstly, that the periodicity of the Radon
transform should be taken into account at this point. Especially for GCC, where the
filter is odd, note that we have

∂

∂t
(RI)(α, t) = − ∂

∂t
(RI)(α + π,−t). (4.67)

1https://github.com/aaichert/EpipolarConsistency/
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Secondly, the coordinate systems of the projection matrices is typically based on an
image corner, whereas the Radon transform usually assumes the center of the image
as the coordinate origin. This does not affect the angle, but the sample location in
t-direction (exemplary for lκ0) should be

tκ0 −
nu

2
lκ0,0 −

nv

2
lκ0,1. (4.68)

The sampling process should be done on the GPU, since most computational effort of
the EC algorithm is spent sampling epipolar planes. Algorithm 4.3 presents simplified
C++/CUDA source code of the sampling process. It assumes the Radon intermediate
function has been computed for an odd (Grangeat) or even (Smith) filter and has
been stored in a texture.

The samples drawn from Radon space according to Equation 4.66 are not arbi-
trary. We know that all epipolar lines contain a common point called the epipole.
Suppose for the moment that this epipole be a finite point e0 = (eu, ev, 1)

⊤. We
can then represent all epipolar lines by a direction α0, written as an infinite point
d0 = (cos(α0), sin(α0), 0)

⊤ joined with the epipole. We have

l0 = e0 × d0 =

 −sin(α0)
cos(α0)

eusin(α0)− evcos(α0)

 , (4.69)

a line in Hessian normal form. We can express the signed distance t0 as a function
of the angle α0 according to

t0(α0) = −eusin(α0) + evcos(α0). (4.70)

This is a sinusoid curve whose amplitude depends on the distance of the epipole
from the image center. The epipoles are contained in the image only in case of
forward/backward motion or for two projections from opposite directions. In the
usual case, however, epipolar lines intersect the image for only a very small range of
α0. For these intersecting lines, we see only a small part of the sinusoidal t0(α0) with
very high amplitude, so it appears almost like a line in Radon space. For an infinite
epipole, the location of epipolar lines in Radon space is obvious: all epipolar lines are
parallel and therefore form a straight line α = const. in Radon space. t0 in this case
can no longer be written as a function f α0.

4.4 Comparison of Epipolar Consistency Conditions

4.4.1 Example Images
This section presents examples for the three presented epipolar consistency metrics,
Grangeat (derivative), Smith (ramp) and FBCC (rectified, distance-weighted, com-
pare Figures 4.4 and 4.3). We present the pumpkin phantom, which has already been
shown in Figure 4.6. This time, we provide two real X-ray images, which have been
pre-processed to line-integral data. The images are shown in Figure 4.7, left and
center. In the same figure, right, the relative geometry of the projections is shown.
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Algorithm 4.3: Sampling process assuming that the Radon transform is
stored as a texture for lines with a distance t ∈

[
− rt

2
,+ rt

2

]
, where rt is the

range of the distance parameter. Sampling occurs in normalized texture
coordinates.

/// Compute location to be sampled within Radon intermediate transform.
/// Output: Radon bin coordinates stored in line[0] and line[1].
inline bool lineToSampleDtr(float line[3], float range_t)
{

// Length of normal vector
float length=sqrtf(line[0]*line[0]+line[1]*line[1]);
// Angle between line normal and u-axis (scaled from 0 to +2)
line[0]=atan2f(line[1],line[0])/Pi;
if (line[0]<0) line[0]+=2;
// Distance to the origin (scaled to Radon bins)
line[1]=-(line[2]/length)/range_t+0.5f;
// Account for periodicity
if (line[0]>1)
{

line[0]=line[0]-1.f;
line[1]=1.f-line[1];
return true;

}
return false;

}

/// Compute Epipolar line and convert to (angle, distance).
/// Then sample pre-computed Radon intermediate function
template <bool is_odd>
float getRedundancy(const float *K, Texture tradonIntermediate, float range_t,

float cos_k, float sin_k)
{

// Find corresponding epipolar lines for plane at angle kappa.
float line[]={

K[0]*cos_k+K[3]*sin_k,
K[1]*cos_k+K[4]*sin_k,
K[2]*cos_k+K[5]*sin_k};

// Convert line to angle distance and compute texture coordinates to be sampled.
bool angle_moved_by_pi=lineToSampleDtr(line,range_t);

// Sample Radon intermediate function.
// Account for symmetry up to sign in case of Grangeat (odd).
if (is_odd && angle_moved_by_pi)

return -tex2D(radonIntermediate, line[0],line[1]);
return +tex2D(radonIntermediate, line[0],line[1]);

}
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The red source-detector geometry corresponds to the left projection image, the green,
respectively, to the right projection image. The stereo baseline (black) connects the
two source positions and is contained in all epipolar planes. Several exemplar planes
are visualized by their intersections with the two detector planes as red, turquoise,
magenta, blue and yellow lines. These lines are epipolar lines visualized in 3D. The
same lines can also be seen in the left and right images as 2D lines in the domain of
the projection images.

The presented data shows several common imperfections. The pumpkin is resting
on a table. Although it is barely visible in the projection images, it is truncated in
both directions and therefore contributes some inconsistent image content. In the
left/red image, a hint of the edge of that table is visible in the top-right corner of the
projection image. Besides, due to imperfect pre-processing, the projection images
are affected by the so-called heel-effect. This effect goes back to the shape of the
X-ray anode [Buzu 08] and leads, in this case, to a slightly stronger illumination of
the top of the projection images compared to the bottom. The projection geometry
is computed, in this case, by acquisition of a calibration phantom in the same scanner
positions. While the computation of the projection geometry using such a phantom
is sub-pixel accurate if done correctly, the scanner may well be unable to repeat the
exact same geometries. These projection are taken in an arbitrary position using
a fluoroscopy setting, which disables some of the usual pre-processing done by the
vendor, for example, when reconstructing 3D images. The example presents two
reasonable arbitrary projection images to demonstrate that the methods described
in this chapter are not restricted to any special trajectory and that they are robust
even under these conditions.

4.4.2 Computational Complexity

The evaluation of the epipolar consistency conditions based on Radon intermediate
functions (cf. Section 4.2) and weighted integration in the projection images (FBCC,
compare 4.1.2) are very similar DCCs. All three cases rely on epipolar geometry
and use similar data. Their computational complexity, however, is quite different.
FBCC relies on a weighted integration in projection images, which depends on the
Source-Detector geometry. Rectification depends mostly on orientation, while an
additional distance weight measures distance from each image pixel to the source
position. As a result, the per-pixel weights within each image within a pair are never
the same. Grangeat (GCC) and Smith (SCC) consistency conditions rely on a filtered
Radon transform of the projection images that can be re-used irrespective of which
images are being compared. This is an important advantage, since the evaluation
of the consistency metric among a set of n images is much more efficient for Radon
intermediate functions. The DCC is verified for any pair of images is merely by
sampling of these pre-computed line integrals. For FBCC, on the other hand, such a
pre-computation is not possible and integrals over projection data has to be computed
for each epipolar line and each of the n(n−1)

2
pairs anew. Generally, the more images

are involved and the more often the DCC should be evaluated, the slower FBCC will
be in comparison to GCC and SCC.
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Figure 4.8: Radon intermediate functions. Top row: Left image (red) from Figure
4.7. Bottom row: Right image (green) from Figure 4.7. From left to right: Radon
transform of the projection images (without any filter); Derivative in t-direction (ver-
tical direction in figure) of Radon transform and Ramp filter in t-direction of Radon
transform. The red/green lines represent the samples drawn to produce Figures 4.9,
where the colored dots (in sequence red, turquoise, magenta, blue, yellow) each go
back to a specific epipolar plane. The corresponding epipolar lines are shown on the
projection images in Figure 4.7.

4.4.3 Comparing Redundant Signals

The samples that are drawn from Radon intermediate functions are sinusoidal, see
Figure 4.8. The reason for their sinusoidal shape is that all epipolar lines contain
the epipole, cf. Section 4.3.3. We present the plain, unfiltered Radon transform on
the left, its derivative in t-direction (vertical) in the center and after application of
the ramp filter on the right. Note that the Radon transform, by itself, as shown
on the left, does not contain redundant values. Sampling along the same sinusoidal
curves does not produce the fan-beam consistency conditions. We present the samples
through all three cases in addition to the true FBCC in Figure 4.9. These curves are
plots of the intensities sampled along the sinusoidal curves in Figure 4.9, except for
the top-right plot, which is the actual FBCC. Note that the graph in Figure 4.8, top,
goes back to the unfiltered Radon transform shown in Figure 4.8, left and is not a
DCC at all - unweighted line integrals in the detector do not constitute a consistency
condition. We find the difference between unfiltered line integrals and true FBCC
to be smaller than the inconsistency introduced by acquisition inaccuracies for the
presented data set
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Figure 4.9: Example plots for real data. Top left: integrals on the detector without
any weighting (this is not an accurate consistency condition). Top right: FBCC,
bottom left GCC, bottom right SCC. Due to automatic exposure control the intensi-
ties in the projection images vary slightly. It seems the inconsistency introduced by
this effect, as well as some truncation of the table on which the pumpkin has been
resting is most evident in FBCC, while GCC and SCC follow the higher-frequency
components.
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Figure 4.10: Comparison of a derivative of FBCC and Grangeat consistency. The
scale has been adjusted so that maxium absolute value matches between the curves.
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4.4.4 Relationship between FBCC and GCC
We present a comparison of Grangeat DCC and the derivative in κ-direction of the
FBCC in Figure 4.10, which was computed via forward difference method. We ob-
serve that the curves for GCC and FBCC overlap almost perfectly for both image 0
and image 1. Thier equality has recently been shown in Lesaint et al. [Lesa 18a]. In
the following applications, GCC will be preferred for two reasons. GCC is compu-
tationally much cheaper to evaluate then FBCC and in addition, many algorithms
which align signals geometrically (i.e., registration) use the derivative for emphasiz-
ing high-frequency features. Variations in absolute intensity make similarity metrics
like the sum of squares unreliable. In the presented data, such variation occurs due
to varying exposure and/or incorrect pre-processing. Additionlly, missing mass due
to extinction or truncation may be problematic. When the derivatives of the re-
dundant signals are considered, alignment will focus more on image edges. This is
desirable because localization of edges is more reliable, leading to higher accuracy.
The derivative also removes constant offsets, which may explain away much of the
missing mass.
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M otion estimation using epipolar consistency is the main application inves-
tigated in this work. We focus on the efficient implementation of EC [Aich 16]

to allow for motion estimation, even in large CT data sets. Depending on the ap-
plication at hand, the transformations apply globally to all projections (2D detector
alignment for turn-table based computed tomography [Maas 14], 3D rigid motion in
FDCT short scans [Frys 15]), to individual projections (3D motion compensation in
CT or tomosynthesis [Grul 15], 1D heart and respiratory signal extraction from ro-
tational angiography [Unbe 17a]) or to groups of projections relative to one-another
(raw-data domain 3D-3D registration (a contribution of this thesis in Section 5.3), 2D
and 3D tracking in fluoroscopy [Aich 15b]). We also developed a technique to apply
consistency conditions in case of truncated angiography applications, by segmenting
the vessels and computing a virtual subtraction angiography of the heart [Unbe 16c].
EC was also used to extract respiratory information in mouse scans [Luo 18]. Other
applications include beam hardening [Wurf 17, Wurf 18, Abdu 18] and scatter correc-
tion [Hoff 18]. This chapter first presents a framework for motion compensation and
calibration correction. Generally speaking, the following three ingredients constitute
a motion compensation algorithm

• a motion model which transforms the object based on parameters,

• a cost function which measures the quality of an alignment,

• and an optimization algorithm to find parameters that minimize the cost.
We have suggested a new cost function based on epipolar consistency and use

simple linear motion models and simple optimization algorithms, namely grid-search
or a Simplex variant [John 14], and focus on the behavior of the cost function.
Recently, the cost function has also been optimized with better, gradient-based
optimizers[Preu 19], although this is not yet reflected in the experiments in this the-
sis. Assuming the correct alignment is known, either because the data was simulated
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(ground truth) or because a reference solution was obtained by another method,
we have some intuitive expectations for a “good cost function”. Most importantly,
the cost function should have a “good” local minimum, meaning that it should be
smooth and “locally convex” in some meaningful region. In other words, starting
from a reasonable initial guess, the optimization should be able always to find the
same minimum and the minimum should represent a set of parameters close to the
correct alignment.

5.1 Tracking in Fluoroscopy

5.1.1 General Problem Formulation

The following applications involve many more than two projections, so the pair-
wise consistency metric we introduced in the last chapter needs to be computed for
all pairs. An acquisition of n projections can form n(n−1)

2
unordered pairs {i, j} ∈

{0, . . . , n−1}2 of two distinct projections. In this chapter, we will use epipolar consis-
tency based on Grangeat’s theorem, unless otherwise stated. For a line l = line(α, t)
and some projection image Ii the Radon intermediate function for Grangeat consis-
tency is Gi(l) def

= Gi(α, t) = ∂
∂t
(RIi)(α, t) . We then define the metric of epipolar

consistency using the squared difference over all epipolar plane angles κ as

EC(P0,P1, I0, I1) =

∫ +π

−π

(G0(lκ0)−G1(lκ1))
2 dκ, (5.1)

where lκ0 and lκ1 are corresponding epipolar lines for a plane angle κ, as defined in
Section 4.3.2. In the following, we will investigate motion of the object and/or the
detector in particular. In this work, we restrict ourselves to the estimation of rigid
motion and affine transformation. These transformations can all be modeled as a
matrix multiplication to the projection matrix with some parametrization φi

Pφ
i = Hφ

i PiTφ
i , (5.2)

where Hφ
i ∈ R3×3 is some linear transformation of the 2D image and Tφ

i ∈ R4×4 is
some linear transformation of the 3D object. The index i refers to a certain pro-
jection index. The applications presented all have different parametrizations φi and
these will be described in context in the following sections. This approach has the
advantage that the image data (and their Radon intermediate functions) need not
be changed, since the cost function depends only on the projection geometry. Re-
peated computation of the cost function can be achieved with milliseconds, when
implemented on the GPU, allowing for non-linear optimization of a cost function
for the consistency over all pairs. The cost function has an inherent symmetry
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epipoles

so
urces

Figure 5.1: A simple fluoroscopy tracking study involving two reference projections
(red, green) and detector motion in an input projection image (dark blue). On the
top right one may observe the source-detector geometries from the point of view of
the input projection. Note how the direction of the epipolar lines depends mostly
on the location of the source position. On the left you can see how the pumpkin
was suspended from the ceiling to simulate different amounts of swaying and (in a
different experiment) rotations.

∀Pi,Pj : EC(Pi,Pj, Ii, Ij) = EC(Pj,Pi, Ij, Ii). For a set of n projections, we have
the optimization problem

φ⋆ =
1

2
argmin

φ

n∑
i ̸=j

EC(Pφ
i ,P

φ
j , Ii, Ij) (5.3)

= argmin
φ

n−1∑
i=0

n∑
j=i+1

EC(Pφ
i ,P

φ
j , Ii, Ij). (5.4)

Note that in some applications, certain pairs of projections never change their relative
3D geometry i.e. they always move together or do not move at all. These pairs would
then be constant in the optimization and should not be computed. This is why we
will present slightly different definitions of the cost function - for each application,
the constant terms are removed from the sum.

5.1.2 Parametrization
The following section addresses tracking in fluoroscopy using epipolar consistency.
Image guidance in interventional radiology typically relies on both preoperative CT
and real-time fluoroscopic images. The alignment of the current patient position
and the CT can be established using 2D-3D registration [Mark 12]. However, as
a fluoroscopy sequence is taken during surgery, both respiration and heartbeat, as
well as other patient movements, deteriorate overlays. The question raised by our
work in consistency conditions is whether, instead of a computationally expensive
registration, a consistency-based optimization may help track patient movements.
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This section investigates epipolar consistency for motion tracking, compared to the
performance of full 2D-3D registration approaches, as presented by Aichert et al.
[Aich 15b]. The goal is rather ambitious: unlike in 2D-3D registration, there is not
nearly enough data to reconstruct a 3D representation of the object. In that sense,
the goal is to tack an unknown object, merely by the assumption that it is the same
object we see in a few projections.

We investigate a simplistic model of this scenario by suspending the pumpkin
phantom from the ceiling and tracking its motion, cf. Figure 5.1, left. We begin our
study of motion compensation by plotting the EC cost function over motion observed
in a single projection with respect to a set of n reference projections R = {1, . . . , n}.
Suppose that n = 2 reference X-ray shots are acquired of the pumpkin phantom, cf.
Figure 5.1 red and green image frames. The C-arm is then moved to a third position,
see Figure 5.1 the dark blue image frame in the top right wireframe visualization. In
this position, a fluoroscopy sequence is acquired while the pumpkin is swaying slightly.
We first consider a simplistic motion model of 2D detector shifts φ = {tu, tv} of a
single detector by left-multiplication of the input projection matrix P0 with a 2D
homography Hφ

Pφ
0 = HφP0, (5.5)

with

Hφ ∼=

 1 tu
1 tv

1

 ∈ R3×3. (5.6)

We consider the cost function F2D which should be minimal for optimal consistency

F2D(φ) =
n∑

j=1

EC(HφP0,Pj, I0, Ij). (5.7)

Note that only one projection matrix changes. For n = 2 we have

F2D(tu, tv) =EC(Pφ
0 ,P1, I0, I1)+EC(Pφ

0 ,P2, I0, I2). (5.8)

5.1.3 Cost Function and Observable Motion
In Figure 5.2 we present the plot of F2 by its summands. All plots are shown in a
range of ±50 px for tu and tv, while the ground truth (i.e. correct) position is shown
in the center of the plot. The projection images are 2480 × 1920 pixels in size with
a spacing of 0.154mm

px . On the left, EC(Pφ
0 ,P1, I0, I1) represents consistency with the

red image in Figure 5.1, while on the right, EC(Pφ
0 ,P2, I0, I2) represents consistency

with the green image separately. The sum of these two plots is the plot of the final
cost function F2 shown in the center. While the red/left and green/right plots both
exhibit an elongated valley, their sum has a much more clearly defined minimum.
The location of that minimum is in fact located in the center of the plot where the
correct alignment can be found. This means that any 2D misalignment of up to least
50 px can be recovered by this method.

The figure visualizes an important issue with epipolar consistency. The location
of the epipoles determines the direction of epipolar lines. Recall the consideration in
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+

Figure 5.2: Plots of EC(Pφ
0 ,P1, I0, I1) (left) and EC(Pφ

0 ,P2, I0, I2) (right) in arbitrary
units over detector shifts tu, tv ∈ [−50 px, +50 px]. The plot over their sum F2 is
shown in the center.

Chapter 3: The epipole is the projection of the other source position to the detector,
cf. Figure 5.1. The epipole is therefore contained in the image exactly if the other
source position “can be seen”. This occurs e.g, when (a) when the two projection
images are related through a “forward-/backward translation” (i.e. toward or away
from the detector) or, when (b) a rotation of about 180° has occurred. Rotations of
about 180° between projections. The latter case is typical for computed tomography:
A small portion for near-opposite views exhibit epipoles within the detector. However,
epipoles are far outside the image for the much more frequent case where the angle
between two projections is between 10° and 150°. In the latter case epipolar lines are
“almost parallel” to the plane of rotation.

EC is based on line integrals in direction of epipolar lines. Such an integral, how-
ever, is invariant to translations in the direction of the line, meaning that when the
image is shifted in direction of the line, this integral does not change. The change of
the integral is expected to be fastest, when the shift occurs in the orthogonal direc-
tion. This is the reason for the valley shape in Figure 5.2, red/left and green/right.
Comparing the direction of the two sets of epipolar lines shown in red and green,
respectively, in the projection image I0 in Figure 5.1 (dark blue), they correspond to
the directions of the valleys seen in Figure 5.2. Evidently, the center of the plot shows
the only minimum within the plotted range. It is therefore possible to reliably recover
the correct alignment when a translation parallel to the detector occurs within this
range.

5.1.4 Random Study and Tracking
In the following, we generalize the problem

φ⋆ = argmin
φ

F3D(φ) = argmin
φ

n∑
j=1

EC(P0Tφ,Pj, I0, Ij). (5.9)
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Figure 5.3: Random study of 10 samples per 60 frames of the first sequence over
random disturbances of 10° and 25 mm using three reference images.

with a rigid body motion with 6 degrees of freedom

Tφ ∼=
[

Rφ tφ
0⊤ 1

]
∈ R4×4, (5.10)

defined by the 6D parameter vector

φ = (rX , rY , rZ , tX , tY , tZ)
⊤, (5.11)

where rX , rY , and rZ are three Euler angles defining a rotation matrix Rφ and a
translation vector tφ = (tX , tY , tZ)

⊤. The rigid transformation of the object Tφ is a
homography in projective three-space which can be right-multiplied to the respective
projection matrix Pφ

0 = P0Tφ. The idea is that a rigid movement of the swinging
pumpkin can be recovered by optimization of epipolar consistency, without knowing
what the pumpkin looks like in 3D. Please note that the parametrization is intended
for relatively small transformations between consecutive frames. Therefore, the typ-
ical issues related to Euler angles, namely ambiguity and gimbal lock are avoided.

Plotting the cost function is not straight-forward in 6D space. To investigate the
stability of this method, we thus employ a random study. The study is designed to
repeatedly and randomly introduce a misalignment to the projection matrix Pφ̃

0 =
Hφ̃P0 and then try to recover the ground truth. It can be easily seen that the
parameters we seek to recover represent the inverse transformation

P⋆
0 = Pφ̃

0 Tφ⋆ ≈ Pφ̃
0

(
Tφ̃

)−1
= P0, (5.12)

The approximate sign illustrates the fact that the study compares the numerically
achieved result φ⋆ with the ideal inverse of φ̃. In practice, a non-linear local optimiza-
tion strategy is used, the result of which strongly depends on the starting guess. The
study estimates within which maximum parameter range the optimization succeeds
in finding the correct minimum. Success is determined by an application-dependent
outlier threshold. We call this parameter range the capture range of the method. A
random studycan also measure the precision and accuracy by considering the mean
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error and standard deviation for the inlier cases. We use 60 projection images taken
with significant translation but only small rotation (roughly ±50 mm and ±3◦ max-
imum over the whole sequence) and we use the same two reference images, shown
in Figure 5.1. We employ a state-of-the-art 2D-3D registration method as reference
[Wang 14]. The reference implementation required several hours to align the CT with
all images, but with visually very good results. We draw 600 random initial offsets
φ̃ from a uniform distribution of ±25 mm and ±1◦ and run a variant of Simplex for
non-linear minimization of F . We report errors in pixels by projecting the bound-
ing box corners of the reconstruction volume of the pumpkin by both estimate P⋆

0

and 2D-3D registration reference P0. This gives an upper bound on the pixel errors
expected inside the pumpkin. Figure 5.3 shows the result of the study, sorted by
the initial error (obtained by projecting the bounding box corners based on initial
estimate φ̃). The correct pose can be recovered up to a mean pixel error of 20 px
(3.1 mm on the detector) on the outside of the volume. Interestingly, the precision
of the method was better for larger initial misalignment. This is likely an artifact
of some heuristics in the optimization strategy. Closer investigation showed that
the algorithm [Rowa 90], for small errors in rotation, appears to focus on translation
parameters first and then fails to recover accurate rotation due to early stopping.

Finally, we applied the optimization algorithm successively to each frame, starting
with correct alignment as an initial guess for the first image. We used four reference
views to successfully track the pumpkin up to an agreement with the registration-
based method of 1.7◦ and a re-projection error of 18.9 px or 2.9 mm on the detector.
It was demonstrated, that even large rotations can be recovered, when more ref-
erence views are available [Aich 15b]. Computation time is below one second per
optimization, including processing.

5.1.5 Summary

We have presented a consistency-based algorithm which can recover 2D and 3D trans-
formations of an unknown object with a set of reference X-ray projections. However,
for practical applications several obstacles exist. First and foremost, the additional
effort of acquiring reference views may not be acceptable in many clinical applica-
tions. We have not found a case where the data were available as is. Second, the
presented study is not entirely realistic when it comes to the truncation assumption.
Epipolar consistency assumes that the object is fully visible on the detector. How-
ever, due to the harmful nature of X-ray radiation, typically only a small part of a
patient is imaged in a clinical task. Additionally, tools or contrast agent would be
present, which dominates the images. Since these also move and probably in a differ-
ent manner than the patient, it is expected that EC would not be able to differentiate
between the two moving objects. Unless some method is found to alleviate the prob-
lem, clinical application is unrealistic and we are not aware of a practical scenario in
industry or material testing. Later, in Section 5.3, we will present a related algorithm
which considers a global translation between two sets of images.
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angiogram segmentation in-painting 1

virtual subtraction angiography

Figure 5.4: vDSA pipeline. An X-ray projection showing contrasted vessels serves as
input to a segmentation algorithm. The resulting segmentation mask of the vessels is
used to remove contrasted pixels from the original image by in-painting. The resulting
image does not contain vessels and can serve as a virtual mask image for subtraction
angiography.

5.2 Angiography

5.2.1 Rotational Angiography and Truncation
This chapter addresses rotational angiography of the heart. In this modality, a con-
trast agent is injected into the blood stream of a patient to visualize blood vessels
while a scanner rotates about the patient acquiring a series of images. In this way,
a beating heart with all its vessels can be visualized, which would otherwise be al-
most invisible due to the low tissue contrast typical X-ray modalities exhibit. In this
section, we assume a typical FDCT short scan trajectory with 133 projections. The
scanner rotates by 210° in approximately 7 seconds, recording several heat beats.
Since shortness of breath is a typical symptom for many heart conditions, many
patients may be unable to hold their breaths [Blon 06]. The result is a highly incon-
sistent CT acquisition affected by both respiratory and cardiac motion. The motion
models we use are linear and our optimization algorithms have in the past shown
problems with periodic inconsistencies. Besides, a 3D non-linear deformation cannot
be corrected for by a mere deformation of a projection image. Instead, the dominant
cranio-caudal translation will be considered.

5.2.2 Virtual Subtraction Angiography
Motion, however, is not the only source of inconsistency. X-rays are, after all, harmful
radiation, so collimators are used to limit the image to a region of interest around the
heart. Large parts of the thorax are truncated leading to major inconsistencies. The
two dominant sources of inconsistency, motion and truncation cannot be separated by
considering DCC alone. This section briefly presents a method to remove truncated
structures from the image enabling the estimation of motion via consistency condi-
tions. The contrasted vessels are relevant to the clinician and are contained within
the region of interest in their entirety. Vessel segmentation is a typical task in an-
giography and a variety of approaches exist. We assume pre-processing [Toma 98] and
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Figure 5.5: Images from a simulated rotational angiography sequence after virtual
subtraction.

segmentation of the heart vessels [Unbe 16a] has been performed based on structure
and tubular shape of vessels [Fran 98].

Virtual subtraction angiography (vDSA, cf. Figure 5.4) is a new in-painting based
pre-processing technique which enables the application of consistency conditions in
situations, where the projection images are truncated, but the structures of interest
are not [Unbe 16c]. By segmentation, all structures of interest may be removed from
an image and replaced by in-painting with content from the remaining image. In-
painting is the task of filling holes with sensible image content based on the context
and neighborhood [Aach 01]. Such an in-painted image is an estimate to what the
image would look like if the structures of interest were not present. It can then
be subtracted from the original, to obtain an estimate of the absorption limited to
structures of interest. These subtracted images are themselves projection images and
they are no longer truncated, so data consistency conditions can be applied.

5.2.3 Motion Extraction and Automatic Gating
We present a numerical simulation of an XCAT like phantom [Rohk 10, Maie 12]
with n = 133 (unless otherwise stated) projections showing both breathing and heart
motion, cf. Figure 5.5 bottom left. Background subtraction is performed using vDSA
to get contrast-only sequence, cf. Figure 5.5 top row. A simplistic model of detector
v-shift represents translational movement in cranio-caudal direction of each view. It
can be written as right-multiplication of all projection matrices for all i < n

Pφ
i = Hφ

i Pi, (5.13)

with

Hφ
i
∼=

 1 0
1 tv

1

 ∈ R3×3. (5.14)

The optimization problem for EC cost function becomes
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φ⋆ = argmin
φ

n∑
j=0

n∑
j=i

dB · EC(Hφ
i Pi,Hφ

j Pj, Ii, Ij). (5.15)

The heuristic weighting with the baseline distance dB is due to a higher sensitivity
of the cost function EC for opposing views rather than neighboring views. Note
that all projection matrices change, and therefore consistency has to be computed
for all N = 8778 pairs of views. In our GPU implementation, one such evaluation
with Radon intermediate functions of 768 × 768 bins takes about 350 ms on mobile
hardware. The cost can be visualized in a grayscale image by arranging the cost
EC(Pφ

i ,P
φ
j , Ii, Ij) in the elements (i, j) of an n×n matrix; in the following called “cost

image”. Due to symmetry of EC, this matrix would be symmetric and the diagonal
elements are undefined and set to zero (inconsistency of a projection with itself). In
Figure 5.5, bottom center, we therefore use the bottom left half of the image to shade
by the inconsistency of initial guess EC(Pi,Pj, Ii, Ij), given by scanner calibration,
while the upper right is shaded based on the optimization result EC(Pφ⋆

i ,Pφ⋆
j , Ii, Ij).

The overall brightness of the upper right is reduced when compared to the lower
left (i.e. higher consistency). However, the periodicity of the heart-beat becomes
clearly visible as regular brighter regions. This remaining inconsistency most likely
mostly goes back to the non-linearity of the heart motion, which obviously cannot be
fully explained by our simplistic motion model. We optimized the EC metric using
a repeated coordinate-wise grid-search. Since grid-search cannot be applied to 133
dimensional parameter space for practical run-time reasons, only a coordinate-wise
grid-search was possible. The periodicity, however, sometimes leads to jumps in this
approach. Absolute shift is also hard to optimize, since the EC metric changes only
very little when all views are shifted by the same amount at once. We therefore,
also investigated a more stable graph-based optimization approach named alpha-
Expansion [Fels 17], which avoids the problem. The experiments in Felsner et al.
indicate that optimization is more stable, when iterating over all possible shifts and
applying the shifts to all projections at the same time, rather than testing all shifts
of a single projection before proceeding to the next. This is true even when no
regularization is used.

5.2.4 Comparison to Fourier Consistency
We evaluated both epipolar consistency based on Grangeat and Fourier consistency
conditions (FCC) [Unbe 17b]. The ground truth are shifts based on a human clicking
on certain features in the images, cf. Figure 5.6, black dashed. Due to some con-
straints in the implementation of FCC, we used only 128 instead of 133 projections.
Both FCC and EC follow the manual ground truth well. EC seems to reflect the
details of the motion a little better, except for the last few images, where it slightly
over-estimates the motion. In Figure 5.5, bottom right, we show that both breathing
(blue dashed) and cardiac (solid blue) motion, which can be recovered by frequency
analysis [Unbe 17b]. However, Unberath et al. [Unbe 18] has shown that performance
of a related auto-focus based method currently shows better reconstruction results
than any of our DCC based methods. Note that minimizing the energy in the wedge-
shaped region in Fourier space is not the same as enforcing a consistency condition.
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Figure 5.6: Comparison of the results by enforcing Fourier properties of the sino-
gram and epipolar consistency based on Grangeat. The legend indicates manual
shifts (Man) and those obtained by epipolar consistency (ECC) and Fourier pseudo-
consistency (FCC).

Especially in the discrete Fourier transform, this minimization is only a heuristic
(“pseudo-consistency”) and can lead to a bias towards shifting the center of mass of
the projection to the rotation axis (although not shown in this work).

5.2.5 Epipolar Shroud
Motion extraction from line integral data has been done before epipolar consistency
was developed. Rit et al. [Rit 12] presents a study of the variability of respiratory
diaphragm motion based on [Zijp 04], which computes horizontal sums in images and
is sometimes referred to as Amsterdam shroud. In rotational scans the rotation axis is
typically aligned with the image v-axis. Recall that two images from such a scan, with
primary angle difference less than about 120° have epipolar lines almost horizontal
and almost parallel. Especially for primary angle difference less than about 30°, EC
is therefore at its core computing horizontal image sums.

With this relationship in mind, we present in Figure 5.7, left, a plot of the consis-
tency of image v-shifts (vertical axis in a range of 150 px) of a single image (projection
index 0, left) for all other 132 projection images (on the horizontal axis). The darker
a pixel in this figure, the less inconsistency we have for a specific shift. In the left
half of this plot, we observe the motion pattern as a dark curve, which follows well
the respiratory and heart motion. In the right half of the image, this pattern is more
and more difficult to follow since a narrow band with entirely different shape disrupts
the curve. This region corresponds exactly to projections with about 180° degrees
primary angle difference. In these situations, the epipoles lie inside the image and
epipolar lines are not simply aligned with the horizontal image axis. In this situation,
the magnitude of epipolar consistency also changes.

In Figure 5.7, second from the left, the plot is repeated with projection index
132 (i.e. the last image in the scan) as a reference. Unsurprisingly, the epipole is
contained in the image for different projection indices. In order to exclude regions
where the epipole enters the image and produce a single, Amsterdam-shroud like
image, we now mix the two plots based on the relative distance of the baseline to
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Figure 5.7: For plots over consistency by projection index (horizontal axis) versus
detector shift up to 150 px (vertical axis). The respiratory and heart motion can
be seen. From left to right: Consistency with projection index 0, consistency with
projection index 133, a mixing of the two, based on the relative distance of the
baseline to the origin and, on the right, the same image after shifting the projections
based on the minimum inconsistency. Observe that the first two images show an
irregular change of pattern for opposing views. This is due to the epipoles coming
closer to and finally entering the image. The two rightmost images appear brighter
due to window-level effects: the extreme values for opposing projections are removed
with respect to the two leftmost images.

the origin (iso-center). The result is shown in Figure 5.7, second from the right. The
blue dots indicate the minimum in each column. Apparently, this can be used as a
pretty good estimate of cranio-caudal motion, similarly to the discussions in the last
sections. As a sanity check, we also applied this mixing and grid-search algorithm
for a scan that was already corrected for respiratory and cardiac motion using ECC.
The result is a clear minimum for v = 0 shown as a horizontal blue straight line. One
important note is that the algorithm, in this way, only works if shift estimates from
the two reference projections agree. In this case, this has been achieved by shifting
projection with index 132 based on the consistency with projection index 0 first. The
method could serve as an initial estimate or a faster alternative, although we expect
results to be less stable, considering only a small portion of the available information
is actually used. If one of the reference images has a segmentation issue, for example,
the method will inevitably fail.

5.2.6 Summary
We have shown that epipolar consistency can be used to estimate heart motion,
in spite of truncation, periodic motion and non-linear transformations related to
the cardiac cycle. Consistency can be used to extract information about breathing
and heart cycle similarly to ECG. We have seen that EC performs comparably to
Fourier pseudo-consistency, while the EC algorithm is more general, in that it does
not assume a circular trajectory. However, the hopes that consistency might allow
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an initial motion correction for reconstruction of the arteries is not supported by our
data. In fact, motion compensation algorithms based on iterative reconstruction were
shown to be better suited for an accurate estimation of heart motion. The advantage
of EC remains that it is fast and does not require reconstruction.

5.3 3D-3D Registration in Raw Data Domain

5.3.1 Parametrization
In this section we, discuss the potential of EC for 3D-3D registration. The idea is to
pre-align an existing CT image with the current position of the patient or to align
two CT images. The computations shall be done in the raw-data domain to provide a
much faster and less computationally expensive solution than intensity-based 3D-3D
registration. In the following, we will work with two sets of projection images, the
(registration) source projection images given by an index set S, which show the same
object as the target projection images given by an index set T . The two are related
by some unknown rigid transformation Tφ, defined in Eq. 5.10 with six parameters.
We model the rigid 3D-3D registration problem as a minimization of the pairwise
cost EC over the parameters φ

φ⋆ = argmin
φ

M (T , S |ϕ) , (5.16)

with
M (φ) =

∑
(t,s)∈T ×S

dB · EC
(
Pt, PiT−1

ϕ , It, Is
)
. (5.17)

The heuristic weighting with the baseline distance dB is due to a higher sensitivity
of the cost function EC for opposing views rather than neighboring views. Note
that it is equivalent to either transform the object by Tφ or to transform all source
and detector positions by the inverse T−1

φ . As before, the optimization problem is
non-linear and non-convex and can be solved using gradient-based or gradient-free
non-linear optimization software.

5.3.2 Simulation Study
As a proof of concept for EC-based registration, we investigated noise-free forward
projections of a pumpkin phantom, see Figure 4.6. The transformation parameters
are

φ⋆ ≈ (5.7mm, 6.8mm, 1.2mm, −5.66°, 5.0°, −4.4°)⊤. (5.18)

We simulated two 360° full scans with 106 projections each of 1024×760 pixels with
a source-detector distance of 611 mm and a source-iso-center-distance of 404 mm,
shown in Figure 5.8, left. The trajectory mimics a table-top CT system with parame-
ters chosen such that the phantom was not truncated in the projections. The Radon
intermediate functions Gi were pre-computed with 786 × 786 bins, which takes less
than 10 seconds for all 212 projections using the GPU. In Figure 5.9 we show plots of
the metric M over errors in individual parameters. For all six parameters, the plots
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Figure 5.8: Left: Visualization of the full-scan trajectory with 106 views. Original
trajectory in black and same trajectory transformed by optimal T−1

φ in blue (two
perspectives for better visualization of transformation). Right: Same visualization
for a short-scan trajectory taken from an actual Artis Zeego C-arm system. Only 166
out of 496 projections are shown.
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Figure 5.9: Plots of the six parameters as deviations from the ground truth φ⋆ (shown
at the origin). The cost function shows a clear minimum for all six parameters for
the correct alignment.
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show a clear minimum of the cost function for correct registration (i.e. at 0 in these
plots), which means that the cost function is sensible.

We ran a variant of the gradient-free algorithm Simplex on the initial guess φ = 0.
The optimization converged in ≈ 450 iterations and we were able to recover ϕ⋆

with an accuracy of ≈ 0.03 mm ≈ 0, 06° in all parameters. Optimization took 9
seconds. Visually, the bounding boxes of ground truth and registration result in
apparently perfect overlap. To demonstrate the advantage of registration without
prior reconstruction, we repeated the experiments with just 9 projections in both
target and source scan. Again, we conduct a random study with n = 100 samples,
with random translation of ±25 mm and rotations of ±10°. In this realization, the
mean absolute offset of ±12.6 mm and 4.98°. After optimization, there were four
outliers. The inliers had a maximum error of 0.07 mm and 0.04°. With that little
data, a single registration took less than half a second on average.

We repeated the same experiment with Gaussian noise of standard deviation
≈ 10% of the maximum intensity added to the 9 projections of both scans. The
amount of noise added was considerable, corresponding to a very low-dose acquisition
of just 9 projections, left. However, before running the algorithm, we allowed the pre-
processing to apply Gaussian smoothing. Results deteriorated to eight outliers. The
inliers had a mean error of 0.21 mm and 0.33°. It is expected that noise averages out
with additional data. We noticed that by increasing the number of projections to
14 per scan, the algorithm coped better and results improved to three outliers. The
inliers had a mean error of 0.11 mm and 0.25°. Optimization took ≈ 0.7 seconds on
average. Note that for all 106 projections, there are no outliers for the noisy data
and mean error was 0.04 mm and 0.024°.

5.3.3 Physical Head Phantom
After promising numerical experiments, we tested our algorithm on real acquisitions
of a human head phantom. We acquired three scans of the phantom in different po-
sition with a Siemens Artis Zeego clinical C-arm. The 20-second short-scan protocol
acquires 496 projections of 1240×960 (after 2×2 binning on the detector hardware).
The scanner calibration showed a mean source-detector distance of 1198 mm and a
source-detector distance of 785 mm. Angular range was 198° and the angular step
between two projections was 0.4° ± 0.047°. All three scans were reconstructed to a
512× 512× 398 voxel volume with a spacing of 0.486 mm. We implemented a simple
intensity-based registration algorithm based on the sum of squared intensity differ-
ence to generate reference registrations. Visual inspection, cf. Figure 5.10 for data
sets 0 and 1, shows perfect alignment of the scans. The parameters of the reference
registration were

ϕref
01 = (6.31 mm, −2.13 mm, 2.53 mm, 0.007°, 0.396°, 0.012°)⊤ (5.19)

and

ϕref
02 = (8.49 mm, −2.34 mm, 3.90 mm, 0.014°, 0.636°, 0.011°)⊤. (5.20)

In Figure 5.11 we show plots of the EC cost function over the six parameters
(for translation, left, and three rotation, right). The rotation axis in this example is
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Figure 5.11: Plots of the metric M for registration of real scan one and two and one
and three. In each plot, the minimum corresponds well with the correct alignment.

roughly aligned with the Z-axis. The plot is centered at the reference parameters (in
this case ϕref

01 for scan 1), which is clearly a strong minimum with smooth slopes in
both positive and negative direction. Starting from the zero-vector as initial guess,
optimization of the EC-metric was able to recover the reference parameters well below
voxel accuracy in under 10 seconds using 11 views from each scan.

5.3.4 Random Study
Finally, we conducted a random study with n = 100 samples and with random
translation of ±25 mm rotations of ±5° for the real phantom data. The realization
of the experiment was on average 12.6 mm and 2.44°. The error after optimization
was 0.25 mm and 0.025° with no outliers. When only 9 projections per scan were used,
there were 13 outliers of more than one mm error and each registration took under one
second. The new algorithm for rigid 3D-3D registration computed tomography scans
works in projection domain of flat-panel detectors. It uses data consistency conditions
to find the correct geometric pose of one acquisition with respect to another. We
validated our registration algorithm on numerical phantom data, where the method
performed extraordinarily well for full-scan without truncation of the object. We were
able to find correct alignment without an initial guess. We evaluated the method on
real data of a head phantom. This data is acquired on a short-scan trajectory and
includes several physical effects not modeled by the beer-lambert law. Despite this,
a rough initial guess up to about ±25 mm and ±5° can be corrected for in a robust
way. A global optimization, at this point, works only for simulated data, although
we did not observe a local minimum with lower cost than correct alignment.
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5.3.5 Summary
We have presented an algorithm which performs 3D alignment of two sets of projection
images, without the need for reconstruction. The algorithm could be used as a pre-
aligment of an existing CT scan with the current patient pose by acquisition of a few
reference projections. In addition, it is able to register two CT acquisitions in the raw
data domain. We have evaluated the algorithm against a naive SSD-based 3D-3D
registration algorithm in the domain of the reconstructed image. We have seen that
we can recover small rigid transformations between the sets with reasonable accuracy
using much less data than the reconstruction-based approach. In addition, we have
shown that the algorithm can handle large amounts of simulated noise.

A better optimization strategy would likely allow for global registration, for ex-
ample starting with multiple initial guesses. A this point, we would like to point out
that epipolar consistency has also been used to find symmetry planes in the object
[Preu 18]. This problem is virtually the same as registering two CT scans, where one
of them has been flipped along any axis. The only difference is that the determinant
of the sought after registration matrix is negative in that case. However, the idea of
using EC for registration is novel and interesting due to its speed. It could be used
to align a reconstructed 3D image with projections of another scan simply by using
forward projection of the 3D image, plus, it is able to work with very little dose,
for example to accurately align a 3D CT image with a patient in an interventional
setting by just taking a few shots from different directions.
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6.1 Outlook
This work can be seen as basic research into applicability of consistency conditions
to FDCT data and demonstrated three metrics of epipolar consistency. However,
most experiments used Grangeat consistency, since this was the first epipolar consis-
tency developed. Just because the relationship between FBCC and GCC is merely
a derivative, FBCC may still bear advantages in applications where a constant in-
tensity offset, i.e. the absolute intensity is important. The derivative operation in
Grangeat consistency has the effect of enhancing borders, which is a common in-
strument in other alignment or registration methods. The derivative also removes
constant offsets in the redundant information, which may partly explain away trun-
cated structures and make it more robust. A thorough comparison in all presented
applications is required. The consistency conditions based on Smith and Grangeat
appear to behave quite differently. Current research is working on finding other ap-
plications, not related to motion [Wurf 18, Hoff 18]. Future work must now focus on
applications with real data. With the exception of calibration correction, no other
application has been studied in detail.

Truncation remains the major obstacle. While one method is presented specifically
for angiography, it is currently unknown if similar concepts may be applicable to
tracking in fluoroscopy, for example, where surgical instruments may present a similar
problem. In applications such as 3D-3D registration our algorithm does not tap
into one important source of information. Intra-scan inconsistency may give strong
evidence for an initial alignment, when present in both scans. More importantly, our
naive optimization approach should be replaced with optimizers, which are also used
for global 3D-3D registration using image similarity metrics. Only then, comparison
is fair. Alignment of patient to CT seems a realistic application to study, since no
additional data needs to be acquired. A clinical partner may already have data to
thoroughly investigate this application.

This work may open new perspectives on existing heuristic methods [Rit 12,
Zijp 04] and put them on a solid theoretical foundation. It may be worthwhile to
find applications where such simple heuristics are used and possibly extend or im-
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prove these using EC. Following energy as it moves along epipolar lines between views
may be a superior additional source of information, akin to Wein et al. [Wein 11].
Higher-order methods and completeness arguments may be interesting. Clackdoyle
et al. [Clac 16] presented an approach to higher orders for circular cone-beam tra-
jectories, it is based on higher orders of differentiation. Finding additional usable
information in three or more general projections would be extremely valuable.

Finally and most importantly, this entire work could be understood as standard
computer vision research with the specialty that transmission images replace opaque
visible light imaging. Classical computer vision methods are well-researched but usu-
ally rely on known and detected points and statistical algorithms for stability. So
much more computer vision research can likely be transferred to transmission imag-
ing, by replacing the algebraic and or geometric error on point correspondences with
epipolar consistency. Many interesting effects may ensue, and certainly optimization
will be an obstacle. One concrete example where these considerations my be advan-
tageous is the estimation of the fundamental matrix directly from two transmission
images. This may be relevant even for motion and calibration correction, since the in-
trinsic properties of the fundamental matrix correctly represent the geometry. While
most parametrizations used in this work suffer, to some extent, from some kind of
geometric dependency, decomposition of the fundamental matrix can produce stable
and unambiguous parameters for two views. A close look at auto-calibration meth-
ods and even factorization algorithms that focus on epipolar consistency may produce
quite different perspectives to the geometry of tomographic imaging.

6.2 Summary

T he X-ray and Radon transforms are introduced in Chapter 1 as inte-
gral operators. A Cartesian-to-polar change of variables presents the so-called

generalized projection theorem. The Radon transform is closely related to the Fourier
transform, allowing for reconstruction of an object from its 2D Radon transform. In
computed tomography, algebraic and analytic reconstruction algorithms exist. They
have allowed cross-sectional views through objects and patients since the 1970ies and
they exist for 2D and 3D parallel and cone-beam geometry. However, reconstruction
algorithms usually assume a perfect Lambertian absorption along straight mono-
chromatic rays and accurately known acquisition geometry. Real data violates these
assumptions due to beam-hardening, scatter, inaccurate scanner calibration or pa-
tient motion. Artifact reduction techniques use prior information, additional sensors
or iterative procedures to achieve good image quality under these circumstances. This
work, by contrast, addresses data consistency conditions. These are mathematical
conditions of the projection operator.

Algebraic reconstruction encodes the linear relationship between a discretized
version of the object and its projection by a system matrix. Reconstruction can be
performed by inverting this matrix. In this context, data consistency conditions arise
as the right null-space of the matrix inverse. No object exists, which produces pro-
jections in this null-space. Portions of acquired data which project to the null-space
are inconsistent. In other words, data consistency conditions are range conditions of
the projection operator.
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In continuous two-space, the Radon transform has inherent range conditions as
well. So-called moment curves are weighted integrals over the detector variable.
According to the Helgasson-Ludwig consistency conditions (HLCC), these take the
form of polynomials of a certain degree. For example, the mass of the projection
(order 0) is constant for all projection angles and the center of mass of the projection
(order 1) is the projection of the center of mass. Another way to characterize the range
of the Radon transform is by considering its Fourier transform. It contains wedge-
shaped regions with low energy. Extensions to fan- and cone-beam exist, however
some have strong assumptions making them impractical while others are heuristic.

A true 3D cone-beam consistency condition is John’s equation. It takes the form
of a second order partial differential equation for a source moving on a plane parallel
to the detector. Direct application of the PDE is difficult. It can also be expressed
as a wave equation where motion in a certain direction fulfills a consistency property
in Fourier space. Later, this property was simplified to single line-integral over the
detector by considering only the constant term at zero-frequency. This condition is
referred to as linear tomography consistency (LTC).

Chapter 2 introduces projective geometry and the pinhole camera model as the
basis for epipolar geometry. Homogeneous coordinates for points and lines in two and
three dimensions, as well as planes are introduced. General join and meet operations
are defined in two and three dimensions and both can be expressed in terms of
the Plücker matrix. In projective three-space, the line is represented via Plücker
coordinates. They are six-dimensional and can be interpreted as two three-vectors.
One points in the direction of the line, while the other defines a plane through the
origin which contains the line. They are orthogonal and dividing the norm of the
moment by the norm of the direction gives the distance of the line to the origin.
Plücker coordinates thus have only four degrees of freedom.

The linear relationship between two and three dimensions can be described by
central projection. Central projection is the geometry of pinhole cameras and can be
written as a three-by-four projection matrix. In the context of X-ray imaging, the
image plane is the detector and the center of projection is the X-ray source. If the size
of a detector pixel is known, then the source-detector geometry is fully defined by a
projection matrix. In addition, motion of the detector and motion of the object can be
written as left- and right-multiplication of 2D and 3D transformation matrices with
the projection matrix. Epipolar geometry is the geometry of two pinhole cameras.
The two source positions define a so-called baseline. An epipolar plane is defined as
any plane containing the baseline. The core idea of epipolar geometry is that the
intersection of an epipolar plane with the two detectors defines two corresponding
lines in the projection images. The 2D epipolar lines are related via the same 3D
epipolar plane.

Chapter 3 introduces three types of epipolar consistency (EC) of X-ray projec-
tion images. John’s equation assumes a source moving parallel to the detector. Pro-
jective geometry allows for the generalization of LTC to any flat-detector geometry by
re-projection of existing images to arbitrary detector planes. The two projection im-
ages define an epipolar geometry. Re-projection to a common detector plane parallel
to the baseline is an instance of stereo rectification which is a well-known algorithm
in computer vision. The re-projection can be understood as a virtual rotation, trans-
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lation and change of the focal length. Applying LTC after rectification is a type of
EC we call fan-beam consistency conditions (FBCC), because only the two fans of
X-rays contained in a single epipolar plane are used.

Next, the connection to the Clack-Defries analytical reconstruction algorithm
which also relies on line integrals on the detectors is established. At the core of
this algorithm lies the Radon intermediate function. For the ramp and derivative fil-
ters of the Radon transform, a direct connection between the 2D lines and 3D planes
exist. Since corresponding epipolar lines go back to the same epipolar plane, the al-
gorithm directly expresses data redundancy. This results in two more EC conditions,
namely for Grangeat (derivative) and Smith (ramp) Radon intermediate functions.
Grangeat’s theorem can be illustrated using geometry and a change of variables for
line integrals.

At this point, an algorithm to compute a metric of EC is suggested by comparing
redundant information from two X-ray projection images using the sum of squared
difference. While the first part of the algorithm deals with an efficient way to sample
epipolar lines, the last part of the algorithm can be, either, a weighted integration to
compute FBCC, or, sampling pre-computed Radon intermediate functions at corre-
sponding positions. These corresponding positions describe two sinusoidal curves in
the Radon intermediate functions. The three flavors of epipolar consistency are com-
pared by the example of two real X-ray images of the pumpkin phantom. Evaluating
FBCC is considerably more expensive. A derivative in angular direction of FBCC
turns out to be identical Grangeat consistency.

Chapter 4 examines applications of EC for motion estimation. A general pair-
wise cost-function is defined along with a general parametrization for all linear trans-
formations (for example translation, rotation and affine transformations). Three mo-
tion compensation applications are then addressed by the same optimization problem,
only different parametrizations.

The first is tracking an unknown object under fluoroscopy. The pumpkin phantom
is used to prove that a rigid transformation can be recovered using only a few known
reference projections. The method is compared to 2D-3D registration, which uses a
full 3D reconstruction to compute the same motion. Random studies show stability
of the algorithm and accuracy which may be acceptable in some applications. How-
ever, truncation or the presence of surgical instruments remain an unsolved problem.
The second application is rotational angiography. In this case, heart vessels are visu-
alized by injection of contrast agent under rotation. The data is heavily truncated,
leading to extreme inconsistency, in addition to cardiac and respiratory motion. An
in-painting based virtual subtraction algorithm is presented, which allows for EC to
estimate cranio-caudal motion of the heart and extract both cardiac and respiratory
phase. A comparison to a Fourier pseudo-consistency-based method and a manual
method shows similar performance. The third application is rigid 3D-3D alignment
of two CT data sets using consistency conditions. The method is evaluated on sim-
ulated full-scan data and real short-scan data. Random studies of a head phantom
show stability of the registration, although global alignment was successful only on
simulated data. This is mostly a question of exhaustive optimization or a smart
heuristic, however. Alignment of the real scans is fast and accurate.
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Abbreviations

CT Computed Tomography, visualization of a slice through an object

DCC Data Consistency Conditions, including HLCC, ECC and others.

FCC Fourier consistency conditions

FDK Feldkamp, Davis and Kress, reconstruction algorithm

GCC Grangeat Consistency Conditions, a kind of EC

HLCC Helgason-Ludwig Consistency Conditions

LTC linear tomosynthesis condition

PDE Partial differential equation

SCC Smith Consistency Conditions, a kind of EC

vDSA virtual digital subtraction angiography

FBCC Pairwise fan-beam consistency. Identical to LTC after a re-projectoin to a
common virtual detector plane.

Calculus

Pn real projective space.

S1 unit circle S = {a ∈ R2 : ‖a‖ = 1}

S2 unit sphere S = {a ∈ R3 : ‖a‖ = 1}

f 2D 2D object function, f 2D : R2 7→ R

f 3D object function, f : R3 7→ R

(Ff 2D) 2D Fourier transform of object function f 2D

(Fx) partial Fourier transform for the spectral variable ξ ↔ x

R Radon transform, operator notation

X X-ray transform, operator notation

δ Dirac impulse

Geometry —Matrices
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A a real matrix A ∈ Rm×n

A⊤ transpose of matrix A

A−1 inverse of invertible matrix A

A+ pseudo-inverse of matrix A

H letter H ∈ R3×3 (sometimes with decorators) used specifically for 2D homo-
graphies. H has positive determinant, unless it is a reflection.

T letter T ∈ R4×4 (sometimes with decorators) used specifically for 3D homo-
graphies. T has positive determinant, unless it is a reflection.

P letter P ∈ R3×4 (sometimes with decorators) used specifically for projection
matrices.

F letter F (sometimes with decoorators) used specifically for the fundamental
matrix. F has rank two and encodes the relative geomety of two projection
matrices.

R letter R (sometimes with decorators) used specifically for rotation matrices.
R⊤ = R−1 and det R = 1

[l]× 3× 3 Plücker matrix.

[L]× 4× 4 Plücker matrix.

Geometry —Scalars and Vectors

α angle α ∈ R in radians

a scalar a ∈ R

a homogeneous coordinates of lines, for example l, m · · · ∈ P2 and points, for
example a, b, x · · · ∈ P2 in projective two-space

å real unit vector. å ∈ S1 or, depending on context, å ∈ S2

å⊥ perpendicular vector to å. å⊤å⊥ = 0

ā homogeneous coordinates of planes, for example ē, f̄ · · · ∈ P3 and points, for
example ā, b̄, x̄ · · · ∈ P3 in projective three-space

a three-dimensional real vector. a ∈ R3

L Plücker coordinates of a line in projective three-space.

L̃ dual Plücker coordinates of L. Elements of L are re-arrenged such that
[L̃]×[L]× = 0 ∈ R4×4.

l∞ line at infinity. Two parallel lines with direction d̊ = (u, v)⊤ intersect in
x = (u, v, 0)⊤ which is a point on the line at infinity l∞ = (0, 0, 1)⊤
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π̄∞ plane at infinity. π̄∞ ∼= (0, 0, 0, 1)⊤

Other Symbols and Functions

f • point-shaped 2D object function. Zero everywhere exept for one point

p• Radon transforrm of point-shaped object. Sinusoidial curve

g̃(c,x) normalized X-ray transform.

ĝ(c, ξ) partial fourier transform of normalized X-ray transform. Fourier space of a
projection image.

p̂(α, σ) partial Fourier transform of parallel projection of object function f 2D over
detector variable s↔ σ In operator notation p̂ = (Fs

(
(Rf 2D)

)
)

pw(α) integral over the detector variable s of a Radon transform weighted by
function w(s) for a fixed projection angle α. See also: generalized projection
theorem

pm(α) integral pm(α) over the detector variable s of a Radon transform weighted
by function w(s) = sm for a fixed projection angle α. See also: moment
curve
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A
algebraic reconstruction, 15
angiography, 86
angle, line 2D, 29
artifact reduction, 3

B
backprojection, 49
backprojection plane, 43
backprojection ray, 42
baseline, 48

C
center of projection, 44
central projection, 40
central projection to plane, 57
central slice theorem, 14
computed tomograohy, 2
contravariant, 35
cost function, 80
covariant, 35
cross product, 34

D
depth (of points), 45
detector, coordinate system, 47
detector, plane, 46
direction, line 3D, 38
dual Plücker coordinates, 37
duality, 32, 33

E
epipolar plane, 47

F
fan-beam consistency condition, 54
filtered backprojection, 2
fluoroscopy, 80
focal length, 40
Fourier consistency conditions, 21
Fourier slice theorem, 14
Fourier transform, 14
fundamental matrix, 50

G
gating, 87
generalized projection theorem, 14
Grangeat cosistency condition (GCC), 67,

71
Grangeat’s theorem, 64
Grassmann-Plücker relation, 28, 37, 38

H
Helgasson-Ludwig consistency conditions

(HLCC), 18
Hessian normal form, line, 31
Hessian normal form, plane, 35
homogeneous coordinates, 3D, 35
homogeneous coordinates, 3D lines (Plücker),

36
homogeneous coordinates, lines 2D, 30
homogeneous coordinates, points 2D, 31
homogeneous equation, 29
homography, 34

I
infinite points, 2D, 33

J
John transform, see X-ray transform, 11
John’s equation, 23
join, 2D, 32
join, 3D, 37

L
Lambert-Beer law, 10
line at infinity, 33
line, 2D, 31

M
meet, 2D, 31
meet, 3D, 36
moment, line 3D, 38

O
optimization problem (motion, EC), 80

P
parametrization, general, 80
parametrization, registration, 90
parametrization, tracking, 81
pinhole camera model, 41
Plücker coordinates, 36
Plücker matrix, 2D, 34
Plücker matrix, 3D, 35
principal plane, 44
principal point, 45
projective space, oriented, 31
pseudo-inverse (matrix), 16

R
Radon intermediate function, 64, 75
Radon transform, 12
Radon transform, 3D, 13
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random study, 84, 94
range conditions, see data consistency con-

ditions, 9
rectification, 54
registration, 90
rigid transformation, 2D, 34

S
signed distance, line 2D, 30
sinogram, see Radon transform, 12
Smith cosistency condition (SCC), 71
stereo baseline, 48

T
tomography, 2
tracking, 80

V
virtual subtraction angiography, 86

W
wave equation, 25

X
X-ray attenuation, 10
X-ray transform, 11
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